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INFINITE INTEGRALS OF BESSEL FUNCTIONS 
By A. L. DIXON (Ozford) and W. L. FERRAR (Ozford) 
[Received 4 February 1935] 


THE summation-formula associated with d(n), the number of divisors 
of n, is 
+ > An)f(n) 
n= 


= [ (2y+logt) f(t) dt +22 > dn) | Ao{4zr,/(nt)} f(t) dt 


0 “i 0 


where Ao(z) = —Yo(z)+(2/2)K (2) 


4 a (4z)4™ i . 
—- = "____ flog (4z) —ah(2m-+-1)}. 
- >, FemtiF Z(> ) of( Bt )} 
It holds for functions f(x) satisfying certain fairly simple conditions.* 

As a preliminary to the application of the formula to particular 


functions f(x), we require the values of integrals of the type 


2) 


[ Ag(avé)f(t) at. (1) 


0 
Very few such values are known. 

The object of the present paper is to give the principal results of 
our work on integrals of type (1). We set out the formulae as 
examples of three general methods and divide the paper into three 
parts, one part for each method. 


I. Mexii INTEGRALST 
1. An integral for A,(z). When z is a positive number, 


ct+ia 
2 


ra—*)* ; 
“Ta (1) 


c—io 


* Cf. J. R. Wilton, Quart. J. of Math. (Oxford), 3 (1932), 26-32; at 29. 
A. L. Dixon and W. L. Ferrar, Quart. J. of Math. (Oxford), 2 (1931), 31-54; 
at § 7. 

+ Various writers have used this type of integral for the evaluation of real 
integrals. C.S. Meijer in a paper to be published in the Proc. London Math. 
Soc. makes it the basis of a systematic study of certain classes of real integrals. 
See also Watson, Theory of Bessel Functions, 434. 

3695-6 M 
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provided that c > 4, to ensure the absolute convergence* of the 
integral, and, to ensure that no term is missing from the series for 
A,(z) when the integral is evaluated by the theory of residues, the 
path is curved near the real axis so as to pass to the left of s = 4. 
The result is established by proving that the integral is equal to 
minus 277 times the sum of the residues of the integrand at s = m+4 
(m = 0, 1, 2,...). It is indicated by our method of showing how the 
functions A,{47,/(na)} enter into the expansionsf of > (a—mn)*—d(n). 
1. Before proceeding further, we recall the facts that A(x) is 
O(log x) when x is small and is O(1/vx) when z is large. 


2. A general method. The method which follows is applicable, 
mutatis mutandis, not only to the function A(z) but also to any func- 
tion expressible by an integral of the same type as (1.1). 

Let F(@) be any function for which 

= [ Ag(avo)F (6) do (1) 
0 


is convergent. Then; by ee I is given by 


= | PO 9) de J OF “Ne ds, (2) 





27 





Is) 


c 
where c > 4, and the s-path is curved so that s = } lies to the right 
of it. . 
Suppose now that [ \@2s-1 F'(0)| dé (3) 
0 
converges uniformly with regard to s in a strip }—8 < R(s) < $+. 
We may then invert the order of the integrations in (2) and, on 
writing $s for s, obtain J in the form 


2. | aye (EG— 38) as 170) a0 (4) 
; J \4 ris) Jj, pts 


0 


g 


where 1 < c < 1+ 26 and the s-path is curved so that it passes to 
the left of s = 1 but lies wholly in the strip 1—26 < R(s) < 1+ 28. 
* For large values of |t|, 
|T(o+it)| = ae 
+ Quart. J. of Math. (Oxford), 2 (1931), 35 
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But, by Mellin’s inversion formula, 


[ -F(@) do = (8) 


1 . 
when ——; [ 6-*¢(s) ds = F(@). 
2mt J 
a—iw 
Hence, within limits, we can give (4) what value we please by 
choosing ¢(s) suitably. In particular, we can investigate, by looking 
at (4), what functions F(@) give J as a reasonably simple function 


of a. 

In practice, we find the combination of (4), (5), and (6) more useful 
as an indication of results than as a proof of the results indicated. 
We shall give two examples: in the first of these, condition (3) above 
is violated, the result indicated by the method is true, but non- 
convergent integrals arise if we try to prove it this way; in the 


second, no such difficulty occurs. 


3. First example of the method. As an obvious way of avoid- 
ing the double poles which are indicated by the factor 


(1(—4s)/P(4s)? 


in (2.4) and, at the same time, of preserving symmetry between F(@) 
and the final result, take 
$(s) = P'(4s)/P($—4s). 
Then, by (2.6), F(@) = (2/vz)cos 26. 
With this value of F(@) the manipulations of § 2 are not valid as 
they stand: the result indicated (not proved) is, from (2.4), 


= 9) 


Ay(avé)cos 260 dé = — 
c—ix 
= }cos(}a*). 


The result so indicated can be proved in at least two ways: it is 
the cosine transform of a formula discovered by Hardy;* it is one 
of the results given by putting <b for 6 in our later formula (5.3). 


* Watson, Theory of Bessel Functions, 184 (4). 
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4. Second example of the method. By looking at (2.4) and 
(2.6) we see that a certain symmetry between F(6) and the final result 


arises if we take $(s) = (4s)P(4s). 


a+ i 
oe 
Qrrt 
a—io 
that is, a multiple of K,(26). 
Accordingly, we consider the integral of Ag(av@)K,(b6). We shall 
prove that, when a and 6 are positive, 


In this case F(@) 6-sT'($s)D(4s) ds, 


: ren 1 _, /a 
0 


With an s-path as in (1.1), we have 


i 4 271 4 | Ts) J 
0 0 c—ia (2) 


Provided the s-path lies wholly to the right of s = 0, this is 


. . r 1. 4s—2 (T'/1___ e)\)2 
| AdavnKy(bt) dt = | Ky(bt)dt=— | () [PG 8)\" poss ae, 


ix 


I [ Ale: =| as [ 8-1 K (bt) dt. 


4 


Qari {| T(s) 
c—ix 
The t-integral is equal to 2?8-2b-?T'(s)['(s), and so (2) becomes, on 
s | 
putting s for s—3, 


x + ic 


] @ .. re ome 
a4 (5) r(—s)I'(—s) ds, (3) 


a—i 
where « > 0 and the path is curved near the real axis so as to pass 
between s = —} ands = 0. The last form is readily identified with* 


1, ie 
5G) 


4.1. It will be seen by reference to Kochliakov, Messenger of Math. 
58 (1929), 30-2, that formula (1) of § 4 is inherent in his concluding 
example. He gives no reference to the formula itself, though it is 
clear that he is familiar with the result. 

* Cf. Watson, loc. cit. 192 (6). Watson confines his attention to straight-line 
paths of s: the s-path in (3) is readily changed into a straight-line path passing 
to the left of s = 0. 
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5. An integral involving li(e-*). When a, b, v are positive and 

pu.—v > —4, direct calculations, similar to those whereby (4.1) was 
proved, give 


[ A,(a Vt)PH-K 5, (bt) dt (1) 


EO a a 
“a | () Te oN") D(u+v+s)P(u—v-+s) ds, 


c—twm 
where c > } and the s-path is curved so that it crosses the real axis 
between s = v—yp and s = }. 

General values of » and v give formulae too unwieldy to be of 
interest, a common occurrence with integrals invo!ving the function 
Ay(x). The analogue of Weber’s first exponential integral* 

b [ J,(avt)exp(—bt) dt = exp(—a?/4h), 
0 
provides an unexpected relation with the logarithmic integral, which 
here appears in a series form distinct from that usually associated 
with that function. 

Put » = v= } in (1) and evaluate the resulting Mellin integral 
by means of residues. The result is 

77/2b) [ A,(avetjexp(—bt) dt 


(a, 4 pa lo] log (5 3) m+ Y)—won+1)}. 


Je. 4 (m+3)P(m+1 ie 


Using the notation of a former paper,t we may write this result as 
[ Ay(avetjexp(—bt) dt = —(vz/b)K)_,(a?/40). 
0 
The divisor transform{ of this (with 1/6 for b) is 
—Nr * Ay(avt) Ky ,(bt) dt = (1/b)exp(—a?/4b). 
0 
But, as we shew in the next section, 
Nr K)_,(x) = {e* li(e-*)+-e-* li(e*)}/7; 


* Cf. Watson, loc. cit. 393 (1). 
+ Quart. J. of Math. (Oxford), 2 (1931), 31-54; at 38 (3.12). 
t Cf. ibid., 3 (1932), 43-59; put n = p = Oin § 3. 
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this is, of course, the analogue of the well-known formula 
K,(x) = e-*,/(7/2z). (5) 
6. Proof of the relation involving li(x). The function 7'K,_,(x) 
may be written either as 
a > . J clea {2 log(4a)—(m+1)—%(m-+-4)} 
A+ Tm +-1)D(m+4)° e 33 
or, on using the duplication formula for the gamma function, as 
> {2 log x— 2x4(2m--1)}. 
A D(2m +i 


The last expression is the sum of 


—— 
> Pin p18” o(m-+-1)} (A) 
m=0 
whe —_— l jimign 

> Teeriy' g.x—H(m-+1)}. (‘B) 


We now show that (A) and (B) are respectively* e*li(e-*) and 


e-* li(e”). 
Direct calculation shows that (A) is a solution of the differential 


equation hie 1 
-—U ; 1 
dx x (1) 
whose general solution is 
e10 (e-*/x) ae! or e{C+li(e-*)} (2) 


Moreover, by considering 
c+in 


8—] 
x 
= —— ds 
I (s)sin?sz 


. 


c—io 
and using Barnes’s method of arriving at asymptotic expansions,t 
we find that 
r+1P(> —P—1 ‘ 
(A) ~ > (—1y 71 (r4+-)ar. (3) 
r=0 

* We adopt the definitions of Bromwich, Theory of Infinite Series (London, 
1908), 325-6: the expansions quoted later are also taken from this source. 

t Cf., for example, Watson, loc. cit. 351, § 10.75, or Dixon and Ferrar, 
Quart. J. of Math. (Oxford), 2 (1931), 39, § 3.3. 
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But this is the asymptotic expansion of e*li(e-*) and so the solution 
(A) of (1) is obtained from the general solution (2) by putting C = 0. 
In like manner it can be shown that 
(B) = e*li(e*), 
and the relation (5.4) follows. 


6.1. We have not elaborated any details in the previous section 
because, in so far as (A) is concerned, the result can be derived from 
similar work done in detail in Whittaker and Watson, Modern 
Analysis, for the W,.,,, functions.* Whittaker and Watson, however, 
systematically omit values of k, m which give rise to logarithms in 
the expansions, so the formulae required cannot be obtained by 
simple substitution. 


We remark, in passing, that the well-known convergent expansion 
a gm 
li(e-7) = y+log a#— —...+(—)”"- 
al cd ai 7+ 3r@8) i mI\(m-+-1) 


and the convergent expansion, proved in § 6, 


@ 


a {log x—s(m-+1)} 


£<li(e-t) — = 
ome  Pim+1)' 


are consistent in virtue of the identity 


m(m—1 m(m—1)(m—2 1 1 1 
m— a I) ( M D+ (— mre = 1+=—+-...-+-—- 


3.3! n m 





7. An integral indicated by Voronoi’s work+ 
By the method used to prove (4.1) it is readily shown that, when 
a and b are positive, 


| Ap(a0) K 9(b0)0 dé 


+ ia 


i T a\*s-2 (T($—s)|? f = 
- | (‘) eo} | 9%-1K,(b8)d8, (1) 


«71 
c—ta 


where c > 4 and the s-path is curved near the real axis so that the 
latter is crossed between s = 0 and s = }. The 6-integral is equal to 
}(2/b)*('(2s)}? 
* See, in particular, §§ 16.2 (ITT), 16.4, 16.41. 


+ Voronoi, Annales de Ecole Normale, (3) 21 (1904), 207-67, 459-533; 
at 245 (1) and the last line of 260. 
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and the duplication formula for the gamma function enables us to 
write (1) as tie 
] 2-2 . % 1 9 
= [ (;) '(4—s)0($+8)} ds. 


2b? 7774 b 


e— ie 
When a < 5b, we evaluate this by means of residues at the poles which 
lie to the right of the path, and, when a > b, we evaluate it from the 
poles which lie to the left of the path. In either case we obtain 
*,(a0) K,(b6)0 dd = 2log("){_1 _ 4 | 2 
| (20) Ao(b )0 dé = - oe (Nera ta—a} (2) 
0 
Here again it is only the value v = 0 which gives 
7 
| Ay(a0)K ,(b0)0" +4 dé (3) 
0 
as a simple, easily-recognized function of a and b. The integral (3) is, 
in fact, represented when v > —1 and a < b, by the series 


2” > T(2m+v+1)/a\en/ a 
a 4log b(2m+-v+1)—A(2m+1 
b?ar Z I\(2m-+1) () wie +H a yi 
II. DEpucTIONS FROM KNOWN INTEGRALS 
1. The starting-point here is the formula* 


x 


K fay (? 


* J,(bt) = 


eV mst dt 


__ be i/(a?+b?)\r-# 4 
Fi ss f 

Our recent work on summation-formulaet suggests that it would be 
of interest to find a formula corresponding to (1) when J,,(bt)t#*" is 
replaced by tA,(bt). The problem of finding such a formula has proved 
to be a difficult one: we have found that any single integral of the 
type which occurs in (1) leads to a complicated and ill-balanced 
formula; the only way we have discovered of obtaining a reasonably 


K, pe i{2,/(a?4 b*)}. (1) 


well-balanced formula is to combine two integrals. 
Here we give what we think to be the more interesting of the many 
single integrals we have investigated. In Part III we prove, by a 
* Watson, loc. cit. 416 (2). 


+ In particular, Quart. J. of Math. (Oxford), 2 (1931), 54 (7.45), with b = ow; 
ibid. 5 (1934) 48-63, where we make considerable use of (1). 
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simple method, certain results concerning combinations of integrals 
which we first discovered by the methods of Part IT. 

For convenience of writing, we shall, throughout, use Z to denote 
(@+2?). 
As examples of single integrals we note, without proof, the 


formulae 


“tS, _,{az,/(1—6)} dé: (1) 


b?-+-a?0 


K,(bt)J,(aZ)Z—-"t dt = faz!” [ —- 


0 0 


f Y,(bt)J,(aZ)Z—t dt (a <b) 


0 





1 
_ ai, <= 4 J,_s{az,/(1—8)} 9 
ot . b?—a?6 ms (2) 


. 


0 


the principal-value sign being necessary when a > b. 


3. We prove the next set of formulae in some detail: one of the 
intermediate formulae, namely 
K,(a0)(2?7 +040 dd = (z/ajeS,, .1(az), 
0 
where S denotes Lommel’s function, is a result of a quite unexpected 
character. 
Suppose, throughout, that z, a, b are positive. and that a + b. 
When we put v = 0 in (1.1) and write zi for z, we get* 
[ J,(bt)K {aig (222) dt + J J,(bt)K ofay(2—22)te+* dt 
0 Z 
(q2-+-b2 —p-1 - 5 eae ; 
- on (vi | ; elusiriK | sfeil(a2+b%)}, (1) 
the result being valid when p > —1. 
In the second integral put ¢ for #—z*, in the remaining parts use 
the formula 


et K (xi) = —hrie*H? (x) = —}mH®) (2), (2) 


* The validity of processes such as writing 27 for z is not difficult to establish. 
The complete line of argument is given in Watson, loc. cit. 416, for a particular 
example of such a process: the argument is, first, analytic continuation for 


argz| < 4m, and then arg z — 37. 
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and consider the real parts of (1) when so written. The result is 


2/m) | Ko(at)J,(bZ)Zet dt 
0 
. é : 24 f2))—-#-1_ 
— J,(bt)Yyfa(2—#)e44 dt — a ¥,+1{2/(a?+5*)}. 
; (3) 
If, in this, we divide by b# and then let b tend to zero, we get, 
when p > —1, 
(2/m) | Ky(at)(2-+-e)Ht dt 


0 


241 (w+ rl)y 
(a ze 


Yifa(2—e)}ee4 dt — 


0 


But, when « > 0, 
xr 
Ly a 
—— | (~x—t)*1Y,(avt) dt = x*Y,,(avz), 
D(x) 
0 
where Y,, denotes the modified Bessel function* of our previous 
paper. Hence the first term in (4) above, which may be written as 


iy (avé)(z2—6)¥ dé, 


becomes $1\(u+-1)z2#+Y, mn we thus obtain 
(2/m) { Ky(at)(2-+e)et dt 
0 


= 40 (u+1)27#+ ius (az)—(4a z) om OP (a z)}, 


which is equivalent to i 
2 /+\pt+l 
ee jet S (az) 
A \ a). 
ala pet 


Hence, [ K ,(at)(2?2+# rt dt = (z/ajeS,, , 41(42), 
0 


the final result being true for all values of p. 


* Quart. J. of Math. (Oxford), 2 (1931), 38: see also the last paragraph of 
§ 1.3. 
+ Watson, loc. cit. 349 (3). 
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Provided that » < —} and is not a negative integer, we may put 
ai tor a in (5) and so obtain* 


[ ¥,(at)(22--#2)He dt 
0 
T(u+1)22#? 2 2 . 
== (u ati | —Krpsn( te) += 008 pn Jas)“, (a2). (7) 
3.1. We now write, as in our previous work, 
Ag(z) = —¥o(2)+(2/7)Kolz), — Apaal™) = —¥ipsnl@)—Kypsv®), 


and, further, introduce the notation 
9 
Ayal?) as —Yysa(@) += cos(u+ 1)rK,, +(2). 
With these notations we have, from (3.5) and (3.7), 


[ Ag(at)(22-+-#2)Ht dt 

7 = 31D (w+1)24+*{—A, ,1(az)+(3az)# 1A, ,,(az)}, (1) 
valid, when p is not a negative integer, for p< —}. 

When vp is a negative integer the above form is indeterminate 
[oo 0]. We can see how this indetermination arises from proving 
(1) above by the method of I § 7. The latter method gives a result 


of the form 


e+ix 


4 


Si 
c—in 


[ A,(at)(z2-+8 +t dt = 18 [ = rhe ry mh ds. 


| Tas Pu) 
When vp is a negative integer there are triple poles. 

3.2. After minor changes of variable, we find that the divisor 
transform of (3.1.1) is 


Ao(4t){ Ay 4a (2t) + (Get) HAA 


0 


p+1(2t)}t dt = 2(a?+2?)#/['\(u+1)z2#+, 
When up is not a negative integer the integrand is O(t-*") for large t: 
a direct evaluation of the integral is not without a certain interest 
in the way the various pieces fit together. 

* The detail is omitted: it is straightforward. We omit a similar treatment 
of (3). 

+ Quart. J. of Math. (Oxford), 2 (1931), 39. 

+ The reader will find the formulae requisite to a direct evaluation in Quart. 


J.of Math. (Oxford), 1 (1930), 133-4; ibid. 2 (1931), 50 (6.16); the order of the 
integrand for large ¢ is given by 41, § 3.5, of the latter. 
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III. INcREASING THE ARGUMENT BY }7 


1. Let a, z be positive numbers. Consider the integral 
[ {K,(at)+ Ky(—ati)}(2—e yt dt, (1) 
0 
wherein the path of integration is the real axis indented at t = z by 
a small semicircle above that point, so that arg(z*—#) = —7a when 
t >z. The integral is convergent when R(u) << —}. On increasing 
the argument* by 47, we see that (1) is equal to 
- [ {K,(ati) + K,(at)}(2-+e et dt, (2) 
0 
it being now a matter of indifference whether the path of integration 
be indented at ¢ = z, or not. 
But K,(at)+ Ky(—ati) = }afA,(at)+-2J,(at)}, (3) 
K,(at)+ K,(ati) = }2{Ay(at)—rJ,(at)}. (4) 


Hence, with the path of integration of (1), 


[ {Ag(at) +iJ(at) (2+!) + (2—Lyeye dt 


0 


f Det, K Z 
2 f Ffat\e+eyedt =~ * Aunt), (5) 
. (a/z)¥+1 T'(—p) 
the final form being obtained by Watson.+ 
When we write ai for a and add the result to (5), we obtain 
, > > 9 uy } K 4 z § v4 } 
A(at)(e2-+ey+(2—eyy dt = —* [Aun )  Kysal@2t)\ (6) 
J D(—p) \(a/2z)e+1 © (at/2z)e+1) 
0 
where the path of integration is that of (1), and R(uw) << —}4. 
1.1. When » = —1 the above formula is inherent in Kochliakov’s 


formulat 
2 ¥ d(n)| Ky{47e,(nx)}+ Ky{4ré(na)}] 
n=1 7 
1 #o 
= —y—Hloge— 7 42S OM (1) 


4nx ot etn?’ 
where ¢€ = exp(}7?), € = exp(—}7?). — 

* We have, in recent papers, made considerable use of this device: ef. Quart. 
J. of Math. (Oxford), 1 (1930), 123, § 2.2 for a formal definition. 

+ loc. cit. 434 (2). 

t Messenger of Math. 58 (1928), 30-2; at 31, (5) and (6). 
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A more direct method of proving this particular case, a method 
which indicates other results of a like nature, is the following: 


Let a > 0, —}a < argh < }n. When we turn 
[ K,(at)+ Ko(—att) 


Lb t dt 


0 


through a right angle, the pole t = bexp(47i) = be is inside the con- 
tour and we get, almost at once, 


[ Pelan dt _ _ K,(abe)+K,(abé) 
“4+b4 2b? ‘ 
0 


sy using # dt instead of ¢ dt, we get, from the same method, 


ow 
J,(at)é dt Ps get a 
[ ea = MKolabe) + Ky(abe)} (3) 
0 
Various formulae of a similar kind can be obtained: we note two 
such, namely, when a > 0 and b > 0, 


x 


A,(at)t dt 
P [ — = — js o(ab), 
0 


= 3 
P | ee = }nA,(ab). 


. 


2. We now turn to a formula of which (1.6) is a particular case. 
Suppose that a, b, z are positive numbers, a ~ b, and that R(v) > 0. 
With the indented path of integration of (1.1) we have, by the 
method of § 1, 


; K faJ(2+e)} , Kfaj(2—P 
{Ag(bt) +-1J,(bt)}] - ray ; 2542 walt 5 yea 
(27+) (z°—t*) 


0 
K,fay(2+#)} 


(z?-++é)” 


t dt 


2% [ son 


ty 


1 
Ky_f(@+a)}. (1) 
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In this we write ib for b and add the two results, using the formulae 
(1.3) and (1.4). We thus obtain 


> KR Sq M(o21 22) . fa! (22@—-# 

| Taree a FS cell) TF 

‘ (2-8) ad 

0 
_ tz K,_{z,/(a?+6?)} ' K,_,{2(@—b*)} (2) 
a (a2+b?)4—) '  (@@—pya) 


In the interpretation of (2) two points call for attention. In the 
integral, the indentation ensures that arg(z?—¢) = —a when t > z 
In the second line of the formula, a?—b? is obtained from a?+-b? by 
a continuous change of the argument of b from 0 to 47, so that 
arg(a*—b?) = 7 when b >a 
3. There are various extensions of (2.2) to values of v, a, b other 
than those there considered. For example, when 6 is real and positive 
(the only case of interest from the summation-formula point of view), 
the following sets of conditions are sufficient to ensure thé truth of 
the formula: 
(i) a>0,a +b, R(v) > 0 [the case considered |; 
(ii) a = b, R(v) > 1: the second line of the formula is now 
iz” K,_,{z/(a@+6*)} 4. 2r—221-'(y—] I; 
av (a?+6?)30—-») _ : 


(ili) arga li, a ~ bi, R(v) > 0; 


(iv) arga = }n, a = bi, R(v) > 1, with a modification similar to 
that of (ii); 
(v) 0< arga < 3a. 


The last set is the only one which is not fairly obvious from the © 

asymptotic formulae for the Bessel functions. With the last set we 

merely need to observe that, with the path of integration agreed on, 
arg{a,/(z?—#)} = arga—47 for large values of ¢, 

while. arg{a,/(z?-+-)} = arga. 

Finally, in (i), (iii), or a we may, when R(v) < 1, replace the 
indented path by a straight-line path provided always that we retain 
the conventions 

arg(z7—??7) = 0 (t< 2), arg(z2—#) = —a (t>2). 























THE IRROTATIONAL MOTION OF A LIQUID SET 
UP BY THE MOTION OF A PRISM 


By J. HODGKINSON (Ozford) 


[Received 13 October 1934] 


THE boundary conditions satisfied by the stream-function of a liquid 
in irrotational motion set up by the motion of a rigid cylinder per- 
pendicular to its length are amongst the most elementary results of 
the theory of hydrodynamics. Let the plane of a cross-section of the 
cylinder be taken as the plane of a complex variable z. If ¢, % are 
the velocity-potential and stream-function of the motion, then d+-#, 
or w, is a function of z without singularity within the area occupied 
by the liquid. If the motion of the liquid is one of translation with 
velocity components U, V, then y = —Uy-+Vzx on the boundary. 
If the motion is one of rotation with angular velocity w about an 
axis parallel to the generators of the cylinder, then % = $wr? on the 
boundary, where r is the distance of a point on the boundary from 
the axis of rotation. 

When the liquid is inside the cylinder, the translation of the cylinder 
causes the liquid to move like a rigid body. A method applicable 
when the cross-section is a polygon has been given by Trefftz for the 
discussion of the motion set up by the rotation of the prism, and 
some applications have recently been made by Seth.* It is my pur- 
pose to make the modifications of Trefftz’s method which are neces- 
sary when the liquid is exterior to the prism, and, for this purpose, 
[ first discuss briefly, by the ordinary method of images, the motion 
set up by translation. The final formula is exactly the same for the 
exterior problem as for the interior, but some conditions have to be 
added, and various points in the discussion take a somewhat different 
form. I add by way of example an incomplete discussion of the 
problem of the rotating rectangular prism. This has already been 
solved by Bickley,t} and the completion of the discussion would show 
no advantage whatsoever over his methods. 

It will be necessary to use the formula for the mapping of the 


* E. Trefftz, Math. Annalen, 82 (1921), 98-112; B. R. Seth, Quart. J. of 
Math. (Oxford), 5 (1934), 161-71. 
+ W. G. Bickley, Proc. London Math. Soc. (2) 37 (1934), 82-105. 
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region exterior to a polygon upon the half-plane of a variable ¢. This 

was given by Kluyver and again by Bickley, and is as follows.* 
Suppose a, 7, a)7,..., «,7 are the angles at the vertices of the 

polygon in the area under consideration; i.e. in the area exterior to 

the polygon.j Then - 


Y oe: X,—1 
dz C Il (C a,) 


ae. 2 232 ° 
a iS —p)?+49"} 
where a, is the {-point corresponding to the vertex of angle «,7, and 
p-+q corresponds to the z-point at infinity; and we have the relations 


> i, — i ill >. (o,—1)4 = 1 
a (p—a,P+¢e ai (p—a,°+g g 


The motion due to translation of the prism 
The boundary condition is 4 = —Uy+Vz2. This is the value of 
% obtained from the trial function (—U-+7iV)z, or w,. But w, has 
a singularity at the z-point at infinity, which is an interior point of 
the area, and the principal part of the expansion of z at the ¢-point 
P+ iq is n 
CT] (p—a,+iq)*4 
r=1 
4q°(C—p—1q) 
Now, A, B being real, the function 
A+iB | A-iB 
f—p—igq ' (—p+ig 
is wholly real when € is real. 
Hence, if we write 


w = (—U+iV)z— 





n 


O(—U+iV) T] (p—a, tig) O(—U—4V) T] (p—a,—ig) 
1 


r=) r 
4q°(C—p—tq) 4q°(C—p+1q) 
where C, is the complex number conjugate to C, then we have 
determined a function without singularity within the space occupied 
by the liquid, and the stream-function obtained therefrom has the 
same boundary value as that obtained from w,. This is what is 





required. 
* J.C. Kluyver, Zeitschrift fiir Math. und Physik, 40 (1895), 129-50; W. G. 
Bickley, Phil. Trans. Royal Soc. A 228 (1929), 225-74 (237-9 and 241). 


+ Thus for the area exterior to a rectangle a, = a = a3 = % = %- 
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I shall require the form of dQ/d¢, where Q = d?w/dz?, in the neigh- 

bourhood of one of the ¢-points a. It is easily seen that this form is 

(C—a)"*F(€—a), where F(t) denotes a power series in ¢ with non- 
vanishing constant term. 


The motion due to rotation of the prism 
Trefftz* recast the boundary condition % = wr? in a form applicable 
when the boundaries are straight. 
d*w 
dz 





Writing =Q= X+10Y, 
he shows that X sin 20+ Y cos 20 = w along a boundary whose equa- 
tion is xsin6—ycos @ = constant. 

If, then, the functional relation between z, Q is used to map the 
z-region on the plane of the variable 2, the boundaries are straight 
in this figure also, and, it is to be noted, are all at the distance w 
from the origin of the coordinates X, Y in the plane of Q. Thus the 
size of the z-figure is immaterial in the determination of Q. This, of 
course, is another way of saying that Q is of zero dimensions in length. 

3ut insistence on this geometrical aspect of Trefftz’s result seems 
to obscure the essential simplicity of his procedure. It is usually 
difficult to form an adequate conception of the form of the Q-figure 
in advance. 


|For the present I refer to the internal problem solved by Trefftz. 
Ostensibly the Q-figure is a polygon, and the angle corresponding 
to the angle «,7 of the z-figure is (1—2«,)z, as he shows. The sum of 
the angles of the Q-figure is (n—2 > a,)z, ie. (4—n)z, and this is 
negative if n exceeds 4. The explanation of this lies in the fact that, 
in the plane of a complex variable, two straight lines meet at a finite 
point and also at infinity, and, as is shown in Seth’s paper,t the 
vertex of the Q-figure is at the finite point of intersection of the sides 
when the angle at the corresponding vertex of the z-figure is acute, 
but is otherwise at infinity. The angle at such a vertex at infinity 
has to be treated, in the application of a modified form of the Schwarz- 
Christoffel formula, as if it were negative. 
Further in Trefftz’s formula 
dQ —s— RR) 
a ¢—a,)? 
* Loc. cit. + Loe. cit., 163. 
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a zero of R(f) may be complex or real. Consequently, as he points 
out, the Q-figure will possess for each zero a winding-point in the 
interior or a point at which the boundary turns back on itself. 
Exceptionally a real zero of R(f) might be one of the points a,, and 
this might cause a considerable modification of the Q-figure, e.g. by 
bringing a vertex at infinity to a finite point. | 

The nature of the singularities of dQ/d{ was determined by Seth 
by an appeal to the work of Stokes, Hicks, and Greenhill on rotating 
cylinders whose cross-sections are sectors of circles. Taking the inter- 
section of the bounding radii as the zero of the plane of a variable 
z,, he finds that, near this vertex, 


Q = O+efl-2R eR) — (a # 4,1, 9); 
= Clogz,+ F(z}) (a = $); 
= F(e) (x = 1); 
= Clogz,+2; '!F(z}) (x = $); 


where C is a constant, and F(t) denotes a power series in ¢ with 
non-vanishing constant term.* 





Writing s, = 
‘ IQ r= 
we find that on — F'(f#) 
dq, 


in all cases except that of « = 1, when w, and hence dQ/d¢, has no 
singularity, and, of course, it is artificial to speak of a vertex. Thus, 
for a rotation about an edge of the prism corresponding to the ¢-point 
a, we may write dQ 1 a 

a = 5, FC—a) 

dé (€—a)?* 
for points in the neighbourhood of the edge. 

Now a rotation of the prism about any axis parallel to the edges 
may be replaced by a rotation about an edge and a translation, and 
the velocity-potentials and stream-functions of the motions set up 
thereby are additive. But, as we have seen, 


dQ 1 eo 
a = Capa C4) 


* Seth, loc. cit. 163. I am not aware of any discussion of the value a = 3, 
but I have obtained the result stated by a method analogous to the method 
applicable to the quadrantal sector. 
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for the translation also. Hence dQ/d{ has the same form when the 
rotation is about any axis.* 

We must note, however, that it is now possible, by reason of the 
addition of two Q-functions, for the constant in F({—a) to vanish. This 
will happen, exceptionally, for some position of the axis of rotation. 

Suppose now that we take two neighbouring points P, P’ on a side 
of the z-figure, and pairs of points corresponding to them on a side of 
the Q-figure and on a segment of the axis of real numbers in the 
¢-plane. Let PP’ be 5z, and let 5Q, 8f correspond to 8z. Trefftz’s 
boundary condition is to be interpreted as showing that arg6Q is 
constant (except that, if the boundary of the Q-figure turns back on 
itself, there may be a discontinuity of k7) wherever P may be on the 
side of the z-figure, and, since arg 8{ is zero, arg(dQ/dZ) is constant 
along the corresponding segment in the (-plane (with, again, the 
possibility of a discontinuity kz). 

Now dQ/dZ has no singularities except at the points a. Hence 

— — RO /T ea) 

dl r=) F : 
where R(f) is a polynomial of such degree that Q has no singularity 
at the (-point at infinity. 

But > a, = n+2. 

Thus R(f) is of degree 2n+2. Since arg{]] (¢—a,)?*} is constant 
along any one of the segments of the axis of real numbers, arg{R(f)} 
must be constant (except for possible discontinuities of ka which will 
occur at the real zeros of R(¢) if there are any). Hence R(Q) is of the 
form e'® R,(¢) where the coefficients of R,(¢) are real, for, if, when { is 
real, R(Z) = S(f)+77(¢), then the ratio 7'(¢)/S(¢) must be constant 
for a finite range of values of ¢. 

Further, the z-point at infinity is an ordinary point of w. Hence, 
when |z| is large, 


w= Ag+ 4+... 


so that the 2-point at infinity is a triple zero of Q. Hence the {-point 
p+ig is a triple zero of Q and a double zero of dQ/d{. 


* This is the form of dQ/dZ for any irrotational motion of the liquid when 
the prism is fixed, and it is easy to see that the form persists when the motion 
of the prism is a translation, but independent investigation seems to be neces- 
sary when the prism is in rotation. 

+ It is tacitly assumed throughout that the {-point at infinity does not 
correspond to a vertex of the z-figure. 
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We have now to show that we have exactly enough free constants 
to satisfy the conditions of our problem. The arbitrary elements of 
this are 

(i) the n—3 independent ratios of the lengths of the sides of a 
polygon of n sides and given angles; 

(ii) the orientation of the polygon; 

(iii) the position of the axis of rotation, which is determined by, 
say, two areal coordinates of the intersection of the axis with the 
plane of z with reference to the triangle formed by three vertices of 
the polygon of cross-section. In all, then, we require n free constants. 

Now, in R(f), we have 2n+3 real constants, and the common 
complex e’®, The two conditions that pig is a double zero of dQ/df 
involve powers of p+-iq, and, when separated into real and imaginary 
parts, give four relations connecting the real coefficients in R,(Z). 
Further, Trefftz’s boundary condition shows that the m sides of 
the Q-figure are all at a distance w from the zero in that plane. 
The number of free constants is thus (2n+3)+1—4—n, i.e. n as 
required. 

[The constants occurring in the integrations of our equation are 
not free. In the integration of dQ/d¢, the additive constant is deter- 
minate, for Q must vanish when ¢ = p+q; similarly, the constant 
in the integration of d?w/dz* must be assigned so as to make dw/dz 
vanish at the z-point 00; while the constant in the integration of 
dw/dz merely increases ¢, % by arbitrary constants.] __ 

The form at infinity of any irrotational motion in which this point 
is an ordinary point is given by a formula of the type 





0 = A,+—+ 


Since a rotation about one axis is equivalent to rotation about a 
parallel axis together with a translation, it is evident that the axis 
of rotation can be chosen so that A, vanishes, and then p+iq is a 
triple zero of dQ/d¢. It would be an advantage if the position of this 
axis could be specified in advance, but I have not been able to do so. 

A difference between the interior and exterior problems is perhaps 
worth explicit notice. In the interior problem the value of Q is 
independent of the position of the axis of rotation;* in the exterior 
problem this is no longer true. 


* Seth, loc. cit. 162. 
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Conformal representation of the area exterior to a rectangle 


This conformal representation was obtained by Kluyver and Bick- 
ley* in different forms. The form I use agrees with that of Bickley. 

It is, of course, well known that the interior of the rectangle in the 
u-plane with vertices K, K+iK’, —K+iK’, —K is mapped on the 
half-plane of a variable {, by means of the relation ¢, = snu, 
the vertices corresponding to the {,-points 1, 1/k, —1/k, —1. Two 
Schwarzian repetitions of this rectangle build up the rectangle whose 
vertices are K—iK’, K+iK’, —K+iK’, —K—iK’, and, if this is 
mapped on the half-plane of a variable £, Burnside’s method for 
composite figurest shows that 

C+1 
2¢ 

The vertices correspond to the f-points (1—k’)/k, (1+-k’)/k, —(1+k’)/k, 
—(1—k’)/k, and the centre of the rectangle to the point 7. 

Now the formula 

dz C{(1—k’ P— PP} (1+-k' Ph} 
at (+1) 

gives the representation of the area exterior to a rectangle in the 
z-plane, the z-point at infinity corresponding to the ¢-point 7. 

With the substitution = snu+icnw, this becomes, after adjust- 
ment of the constant, 


= ¢,, ie. f = snu+icnw. 





— = ads*u 
du : 


whence z = a{k®u—dnucsu—E(u)}. 

When w= +K+iK’, z= af (L—k?K)+i(E’—I*K’)}, so that the 
lengths of the sides of the rectangle are 2a(H—k’?K), 2a(£’—Kk*K’). 
From what has gone before, it is obvious that we may put a = 1, 
and the formula we shall obtain for w will only require the insertion 
of a factor a? to correct it. 


The irrotational motion of a liquid set up by the rotation of 
a rectangular prism 
Trefftz’s formula gives 
dQ A Rif) 
a (1k PB EP (I +k Poy 


* Loc. cit. 
+ W. Burnside, Proc. London Math. Soc. (1) 24 (1893), 187-206. 
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where A is complex and R(¢) is a polynomial of degree 10 with real 
coefficients. But R({) must have a double zero at the ¢-point 7. 
Hence dQ A(2+1)28(0) 
. a {1—k P—RCVI+K PRO} 

Now the velocity components at a point in the liquid are given 
by the real and imaginary parts of dw/dz, and it is thus physically 
obvious that dw/dz is an odd function of z. Hence Q is an even 





function of z. But the substitution z = —z’ corresponds to u = —w’, 
and thus to ¢¢’ = —1. If then we write 
Q = Ff) = Fl) 
we have (GH = C F’(¢) = —C'F'(Z’), 
i.e. the substitution €Z’ = —1 leaves { dQ/dZ unaltered in form except 


for a change of sign. From this we find that 
dQ oa )+a, ee ak 
dt =? {(1l— kh’? — ke 2(213{(] - k’'P—Re} 
which can be written in the form 
dQ — e'B(L2+1)%{b, ety mm = +b,0°} 
a e— 1) 

Now, further, reflection of the waa in the axis of imaginary 
numbers is equivalent to reversing the rotation. Hence, if z’ corre- 
sponds to a zero of dQ/df, so also does —z 9, where 2 is the complex 
number conjugate to 2’. But the axis of imaginary numbers in the 
z-figure corresponds to the axis of imaginary numbers in the ¢-figure, 
so that, if f’ is a zero, so also is —{j. But the reality of the coefficients 
(apart from the factor e’®) in the numerator of dQ/df shows that, if 
—{, is a zero, so also is —Z’, i.e. the zeros can be associated in equal 
and opposite pairs, 0, 00 being possibly excepted; i.e. dQ/d{ is either 
an even or an odd function of ¢. We have therefore 


dQ e ‘BC? +1 ){bo(C? +1)?+5,0?} 





> 











either al 4e—2(2+1) 3 
or dQ _¢ 2 ele 
r ey {4¢?— k?( 1333 : 


The second form proves oe. at a later stage, and is discussed 
no further. It makes, in fact, ds/ds? along the boundary vanish 


whereas it has to be w. 
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The substitution ¢ = snu+ienw now gives 
dQ _ ie'Psn®uf4b,sn2u+b,} _ 
du 4dn>u 


Hence 





e'”(c, sd5u-+-c, sd°u), say. 


iy {Pr en wusn*u 
| dntw 


cnu kenu 
eee | 


where we find (by differentiating again and arranging in powers of 
sd w) 2p,+p.(2k?—1)—p,kk’ = 0. 
Now Q must vanish when u = 0, i.e. 

P2+pztan(k/k’)+-p, = 0. 
Further, Trefftz’s boundary condition shows that J(Q) = w when 
u = 1K’+u', and 1(Q) = —w when u = K+iv, w’, v being real. 
But, when u = K-+iv, the coefficients of p,, p., ps are all purely 
imaginary, and, of course, variable, so that /(Q) can only be constant 
if e'¥ = 7%. By putting vw = K, we then get p, = —w, and by putting 
u = 1K’, irp, = 2w. Hence 


—~= [3a—2e8(1—2 *tan- z) + Kk, 


O=-e 





a 


f k|\ 
> = 1—- -1_ 
Ps ~ tan FB - 
Thus 
Gwe iw! cen usn*u cnu kenu 
tan-! —l}. 
a ie As dn4u +p Peta ly +Ps n ( k’ 
Hence, on using dz/du = ds*u, we find that 
= = io sd u—p, ds w+ Pal? tan-(" “)4+ kk’ | zsdu an\ —2], 
dz 
the implied constant of integration being chosen so that dw/dz is an 
odd function of z or w; and, hence again, 


: lo l—enu 1—2h* l—ecnu Ilenu 
w= iw| p —s —=. = 
P1108 Pe 2 snu 2 sn*u 








snw 


+Pa{}? tan- F “) +kk’ | z*sdu du +kk’z | zsdu au} _ i]. 


There appears to be little value in this formula, except in so far as 
it shows the complexity of the function obtained by Bickley in the 
form of a Fourier series. 








SOME SPECIAL S-FUNCTIONS AND q-SERIES 


By D. E. LITTLEWOOD (Swansea) 
and A. R. RICHARDSON (Swansea) 


[Received 5 March 1935] 


1. In our paper* ‘Immanants of some special Matrices’ we dis- 
cussed the S-functions of the roots of the equations (wz—1)”" = 0, 
(a2—1)" = 0, (w”—1)" = 0 respectively. In this paper we find a 
more general result from which these can be deduced as special cases. 
Various other deductions are made, including an extension of some 
formulae given by Frobenius for the values of certain characters of 
the symmetric groups in terms of the cycles. The group characters 
are also shown to be the coefficients in a certain development in 
partial fractions.T 

In the previous paper we associated the S-functions of ay, a,...,0%, 
with the equation whose roots are a4,...,«,. It is found more con- 
venient to associate them with the series 


f(x) = /TI (l—a,x) = 14+ Dh, 2". (1) 


The concept of S-function can then be generalized{ for any series 


f(x) of ascending powers of x of which the first term is unity, by 


defining S, as the coefficient of x’- in the quotient f’(x)/f(x) 

f (@e)ifx) = X S,2"4, (2) 
and taking the usual definition of the S-function§ in terms of the S,. 
This coincides with the original definition when f(x) is the reciprocal 
of a polynomial. The general properties of S-functions not connected 
with the roots are unaffected by this generalization, since we can 
always find a polynomial whose reciprocal coincides with f(x) for 
any given number of terms. When f(x) is defined by other types of 
function the appropriate series is that of Taylor. 

In particular, if 


fle) = TI 0—8,2)/TT (1a, ), 


then 8, = > o®— > pr. 

* D. E. Littlewood and A. R. Richardson, Quart. J. of Math. (Oxford) 5 
(1934), 269-82. + MacMahon, Combinatory Analysis, (ii), Chapter V. 

t D.E. Littlewood, ‘Some Properties of S-functions’, to be published shortly 
in Proc. London Math. Soc. 

§ D. E. Littlewood and A. R. Richardson, Phil. Trans. Royal Soc. A, 233 
(1934), 99-141. 
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The number of roots and poles may become infinite provided that 
the series are convergent. 


2. The first series we consider is 
fle) = {(1—x)(1—ge)(1—¢?2?)...(1— ga), (3) 
To find the S-functions of this series we use the formula* 
{A} = {Ap.. * Ap} = is Fae 
f ig ol +N~-) | 
We obtain {A} = “(Qo)”? 


in which A,,,,,...,Ay are taken as zero for N > p. 

Hence, denoting [](«,—a«,) (lL<r<s< WN) by A(ay,...,ay) or 
A(a,), we have 5 A ght) 

2} = 
. A(q*~”) 
Now 
A(q**tN-") sae TI (ght N—r —ghstN-8) TI (qttN+—gN-«) TI (q¥-°—qN-") 
in which 
l<r<s<cp<r<we<Nn, l<t<p<u<Nn. 
A(g’r+¥-) 


Thus AG@ Nr) 


+N-r +N- Ar+N-t__ gN—u N-v__,N-w 
=] | : —q é | | q’* q | | q q 
orm ( N—r __ qh- 8 ‘ ( qht—qh-« ) (Cates 
q* —A,-r+8__] 
q’ \ 
= x 
“it a q@—1) J 


qh tN- —r__ gN-p-1)(gA-+N-r__gN-—p-2 Ap+N—r__] 
7 We q \(q gq"? 4)_& ) 





C—O) 
Ty (e@oers—y) 
=I] @7—1), J* 
(q’r*?— —r+1__] \(q* +p— r+2__])., Aq Ap+N—? 1) 
« Trg.) 


Ap—A,y—1 +8 __ 1) 
—— grstBAct~ (q’ ee SE 
= gene TT (oy | 


q’- rH 1)(q N-r+2__]).., (qN-+*—1) 
é IT (go — 1)?" — 1)...(g@@*+*—1) 











* D. E. Littlewood and A. R. Richardson, Phil. Trans. Royal Soc. A, 233 
(1934), 113. 
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{( a A, = 4 


a= geet TT Co. 


io IIs Fa e a eae 


(1—g?-*#)(1— gr #4)... (1— gr 7) 


—_ qAr—Ae—P +8 IN 
Hones (y= pte TT oy t« 


where (P) denotes the product of the first A; terms from each 1-th 


row of the following set of numbers: 


1—q’, 1—qX+, 1—q+?.... 
Pr 9" 29 
7 —q’,... 


N+2 see 


Again, writing 
[r]! = (l—q)(1—¢?)...(1—¢’), 
we have TI (§Q—¢@**) = [1)![2]!.--[p]!, 
aa 1p oe TD qh [A,+p—r]! 
so that TI d—@")(P4) = TT [r!! | | [p—r]! 
= TI ¢"[),+p—7]!. 
Il ( l —q*y-A-r48) (PX) 
T1[+p—r}! * 4" 


This proves the following result. 


> > f a. 
Hence {A} = 


TueoreM I. For the series f(x) = [(1—x)(1—qa)...(l—q* 42) ]“, 
_ alee jt 
(l—q*") (P4) 
id II i— *) (PX) 
T] [A-+2—7]! A 
where [r]! = (1—g)(1—¢?)...(1—¢’), 
and (PX) is the product of the first X; terms from each i-th row of (5) 
3. If, in Theorem I, the factors (1—q), which occur equally often 
in numerator and denominator, are removed and gq put equal to 1, 
we get 


THEOREM II. For the series f(x) = el 


ais IT QA, a = x? N 
og f A,} = TI oa at )(Qy )= §(Q ), 
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where (QN) is the product of the first X; terms from each i-th row of 
N, N+1, N+2.... 
N-1, N+1.... 
(8) 


This is Theorem I of our previous paper. 

Again, if gq = —1, and N is even, say N = 2m, the series f(x) 
becomes f(x) = (l—a®)-™, 
Let p, the number of parts in the partition (A,,...,A,,), be even, making 


A,, = 0 if necessary. If k of the p terms (A,-+-p—r) are even, then the 
number of even terms in A(A,-+-p—r) is 
sk(k—1)+3(p—k)(p—k—1) = }[p?—2p+ (p—2k}?]. 
This is a minimum when k = }p. Clearly, unless the number of 


odd terms A,+-p—r is equal to the number of even terms, the factor 
(1+-¢) appears oftener in the numerator than in the denominator, 
and fy = 0. 

This is Theorem III of our previous paper. 

If the number of odd terms is equal to the number of even terms, 
the factors (1+q) may be cancelled. The term (1—g’) becomes 
equal to 2 when g = —1, and cancels with a corresponding term in 
the denominator, when r is odd. When r is even, (1—g") becomes r. 


THeorEM III. Jf f(x) = (1—a?)-™, and the number of even terms 
A, +p—r is equal to the number of odd terms, the value of {A,,...,Ap}, for 
even p, is obtained by picking out the even terms only in the expression 

IT] A,—A,—r+8) (Q¥) 
y ) 
TL +p—7)! 
This is equivalent to Theorem IV and equation (12) of our previous 
paper. 

Similarly, put g = cos(2z7/r)+.,/(—1)sin(2z/r), N = mr, and take 

the number of parts in the partition to be divisible by r. The series 


f(x) becomes f(x) — (l—a")-™. 


If the number of terms from A,+-p—r congruent to j, to modulus 
r, is p;, then the number of factors in A(A,+-p—r) divisible by r is 
> p;(p;—1), which is a minimum when 


Po = Pi = P2 = Ps = --- = Pr-1- 
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THEOREM IV. If f(x) = (1—a")-”, then {A} = 0, unless 
Po = Pi = +> = Pr-v 
in which case the value of {A} may be obtained by picking out those 
factors only which are divisible by r in the expression 


TI (A—As—1+8) (gy) 


A . 


Il (A.+p—r)! 
This is equivalent to Theorems VI and VII of our previous paper. 
Further new results are immediately suggested by the above method, 
since N need not be made a multiple of r. 

As above, take g = cos(2z/r)+./(—1)sin(2z/r). Let N = rm+i 
(0 <i<vyr). Take the number of parts p in the partition to be con- 
gruent to N, to modulus r, making some of the parts zero if necessary. 
Then f(x) becomes 

f(x) = [Q—a")™(1—2x)(1—gqz)...(l—q* 42) J. 

If, for a partition (A), Po, ,..-,P,-, Of the terms A;+p—j are 
congruent respectively to 0, 1,...,r—1, to modulus r, then {A} differs 
from zero only if > 4p,(p;—1) is a minimum. For integral values of 
the p,; this is a minimum for any partition for which the greatest 
difference between the p; is unity, i.e. when (r—7) of the terms p, are 
equal to « (say) and the other 7 equal to a+1. 


THEOREM V. If {A,,...,A,} 1s an S-function of 
f(z) = [(Q—a")"(1—2)(1—ez)...(I—e*412) A, 
where € is a primitive root of 2” = 1, if N = rm+iand p = N(mod 1), 
and if p, of the terms \,+-p—j are congruent to k, to modulus r, then 
{A} = 0, unless of the numbers 
Po> P1s-++> Pr—-1 

the greatest difference is unity, in which case the value of {r} is 6 times 
the value obtained by picking out those terms only which are divisible 
by r in the expression 

T1Q+p—r)! ‘**” 
where 0 = ¢ds+2As+3s,, A(e%r)/A(ePr), «, takes the values of the i residues 
A;+p—j which occur once oftener than the other residues, and B, takes 
the values 0,1,...,i—1. 
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Examples. 

Consider the series f(x) = 1/(1—x)(1—2?)™. Here N = 2m+1. 
We find first the S-function {2*, 1} = {2, 2,2, 1,0}. The zero part is 
added to make the number of parts congruent to NV, to modulus 2 
The numbers A;-+-p—j take the values 

6, 5, 4, 2, 0, 
and the number of even terms (p ) is 4, the number of odd terms 
(p;) is 1. Hence {A} = 0. 

We next find the value of {2?, 17} = {2,2,1,1,0}. The numbers 

A;+-p—j take the values 6, 5,3, 2,0 


giving py = 3, p, = 2, and {A} 40. We have 


TI (A —f —r-+s) N 
rT 8 Q 
Tr Qtp—ryt () 
_ 1.3.4.6.2.3.5.1.3.2.N(N+1)(N—1)N(N —2)(N— 3) 
1.2.3.4.5.6.1.2.3.4.5.1.2.3.1 
Hence, since @ = —1, picking out the even terms and remembering 
that N is odd, we get 
_ 4.6.2.2.(N+1)(N—1)(N—3) 
2.4.6.2.4.2.2 
= —d(N+1)(N—1)(N—3). 

Again, take f(x) = 1/(1—x)(1l—wa)(1—2*)", where w* = 1. For 
the S-function {2?, 1°} = {2,2,1,1,0}, the numbers A;+p—j take 
the values 6, 5, 3, 2,0, and py = 3, p, = 0, pp. = 2. Hence {2?, 17} = 0. 

For the S-function {2°, 1} = {2, 2, 2, 1, 0}, the numbers A;-+-p—j 
take the values 6,5,4,2,0. Hence py = 2,p, = 1,p,= 2, and 
{23,1} 40. We have 

6 = w°A(1, w®)/A(1,w) = 1+. 

Il (A,—A,—r+s8) N 

II A.+~—r)! (2) 
1.2.4.6.1.3.5.2 Led 
1.2.3.4.5 .6.2.2.3.4.5. 


{2,14} = 


Picking out the terms divisible o 3, we get 
(99, 1) — (te)6.3.V+I)(V—2 
sil 3.6.3.3 


= (1+w)(N+1)(N—2)/9 











190 D. E. LITTLEWOOD AND A. R. RICHARDSON 
In particular it may be pointed out that the S-functions {A,,...,A,} 

corresponding to the series (i) (l1—x*)-™, (ii) 1/(1—a)(1—2*)", 
(iii) 1/(1—ax)(1—wax)(1—2°)" respectively, are multiples by integers 
independent of N of the first A; terms from each i-th row of the 
following three sets: 

] 3. , N+6.,... 

a, -& ; + 3, , 1, 

] By, ; ; td, i Sa 

; = ; Y. ee. 


These three products obtained from (i), (ii), (iii) we shall denote by 
QN), @QX), 3Qx) respectively. Similar results hold, and a similar 
terminology is used for S-functions of (l1—a”)-™, [(l—2x)(1—a")"}“", 
[(1—a)(1—gqa)(1—a”)"]-1, ete. 


4. Corresponding relations between the characters of the symmetric 
groups. 


From the formula 1 (ya 
n!{A} = > h, Xp Sos 


where (A) is a partition of n, p denotes the class (1%2%...) of order 
h, of the symmetric group of order n!, S, = St Sf..., and x is the 
corresponding characteristic of the group, by substituting the results 
of the previous section, we obtain various relations between the 
characters of the symmetric groups. 

In our previous paper* we proved in this way from the S-functions 
of (l—a)-™ and (1—a")-™ that ¥ h ox”, summed for all classes con- 
taining exactly p cycles, is sana to x times the coefficient of m” 
in the product (Q'), and that dh, xh summed for those classes 


* D. E. Littlewood and A. R. Richardson, Phil. Trans. Royal Soc. A, 233 
(1934), 109. 
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containing exactly p cycles whose orders are each divisible by r, is 
equal to h,, x? times the coefficient of N” in the product ("Q}’), where 
p’ denotes the class (r*). 

The corresponding result for the series [(1—x)(l—a2’)"]“ is as 
follows. For this series, S; = rm+1= N, if 7 is divisible by r; 
S; = 1 otherwise. 

Hence If d,} =a y h, x8, 


iin A) Np 

= Dh, x N», 
where p, is the number of cycles in the class p whose orders are 
divisible by r. 
THEOREM VI. Yh, a), summed for all classes for which exactly p of 
the cycles are divisible by r, is equal to K times the coefficient of N” in 
the product ("QY), where K is (—1)2+4:+--n! times the product of the 
terms divisible by r in the expression 

T] A,—A,—7r-+8) 
TT A.+p—):! 

or K = 0, tf the corresponding S-function {A} is zero, in accordance 
with Theorem V. 

There are corresponding results for the products (3Q} ), (§Q), ete., 
but these are involved and difficult of expression. Thus, for the 
series [(1—a)(1—,/(— 1)x)(1—a*)"]-1, we have 

— coo = 1+,/(—1), S, = S, = coe 0, 
3= 8,=... = 1—(—]), 8,= 8 =..=N. 


The coefficient of N” in > h, x S, is a complicated expression. For 
increasing values of r and 7 the complication increases. 
Returning to Theorem I, we obtain by this method a more im- 
portant result. If f(x) = [(1—z)...(l—qx)(1—q*—12)]-1, then 
8, = (I—@*")/(1—¢’). 


If p denotes the class (1% 2%...), then the equation* 
=“ (As 
S, a > Xp {A} 
together with Theorem I gives x as a coefficient in a development 
in a special kind of partial fraction which occurs in combinatory 
analysis. 


* D. E. Littlewood and A. R. Richardson, op. cit., p. 109. 
+ MacMahon, Combinatory Analysis (ii), Chapter V. 
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THEOREM VII. 


(gr) _ oS jw TD — 9 -4) | py 
ite =>) ta tpoa PP 


This equation is sufficient to determine all the characters of the 





symmetric groups, although in this form it is not very easy to use. 
By the following method we may express the values of any character 
in terms of the cycles in the classes. 

Corresponding to the partition (A), in the expression (P}’) the 
least power of g that occurs has index A,+-2A,+-.... Hence, if we pick 
out the coefficient of g”, only those characteristics occur for which the 
partition (A) satisfies 

1a +21, 4+-... < Fr. 

Again, since any value may be assigned to V, we may treat g* as 
an independent variable (as in § 5 below), and equate coefficients of 
g, g, ga, GY, @X#, ete., in Theorem VII. Then from the co- 
efficients of g°, g’’, q?, q?%, q*’,..., we obtain 

— ( 
l= x~”, 
— 
a; = Xp TX, 
1 — 4(n—-1.1)_1 .(n—2.1* 
3, (a,— 1)—a, = AD T Xp , 
1 9 | — 4(n-2.1* (n—3.15) 
§4;(4,;—1)(a,—2)—a, a,+a3 = x9 +-26 P 


3,4, (a,—1)(a, —2)(a, —3)— 4a, (a,—1)a,+a, a3—a,+}a,(a,—1) 


(n—1.1) 
p > 


— 4(n-3.1*)_| ,(n—4.1' 
— Xp +-¥5 J 


whence by solving these equations 
x7) = a,—l, 
oe = 4(a,—1)(a,—2)—a,, 
xin = }(a,—1)(a,—2)(a,—3)—(a,—1)a,+4sz, 
x"-41) = J(a,—1)(a,—2)(a,—3)(a,—4) — 3 (a, — 1) (A, —2) ag + 


+ (a,—1)az—a,+}a,(a,—1), (9) 


From the coefficients of gV+1, ¢*1,..., we obtain 

2 «(n—2.1")_1_ .(m—2.2)_1 2, (n—1.1)_1_ 9.,,(n) 

y= Xp , | Xp | 3Xp | “Xp ? 
1,2 — «(n-3.15)_1. ,(n—3.2.1)_1 9,(m—2.2)_|. 2. (n—2.1*) 
ba}(a,;—1)—a, a, = Xp r Xp is a anil 


+ ae + xp ‘. 
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§47(a,—1)(a,—2)—aja,+a, a, 
— ,  intlte > ieee a) iieadlee  (-iatade 
+4 2x" 3.2.1) 4 39-2194 a+, 


whence 


x32) = Ja,(a,—3)+a,, 
x” 8.2.1) — Ja,(a,—2)(a,—4)—asy, 
Xp tt) = fa, (a,—2)(a,—3)(a,—5)— 4a, a,(a,—3)—}a,(a,—1)+a,, 


(10) 


From the coefficients of g¥ +, g?¥+, gV+.... we obtain 
ha?(a,+1)+a,a, a xp S94. yO -BS) + 4 y-22) 1 8 y-819 4 
| 7. (n—1. 
+7x"-D+ 4m, 
La?(a?—1)—a,a,—a3 " XP APD 4S y-S-1) + 5 y-S2- + 6-284 
|. «f(n—4.2.1*)_)| 9. (n-3.3)_1 Q,(n—2.1")_1 Q.fn—-1.1)_1 7.in) 
“Xp r2Xp +9Xp T8Xp + Xp > 
whence 
An-3.3) — 1 = — 
% = fa,(a,—1)(a,—5)+a,(a,—1)+4s, 
An-4.3.1) — 1 es = ce ee —_ hh * a 
xp = a,(a,—1)(a,—3)(a,—6)+ $a, a,(a,—3)—}a,(a,.—3)—ay, 


(11) 


Some of these equations (9), (10), (11) were obtained otherwise by 
Frobenius. * 
5. The function O(q, x). 
Henceforward we me ®(q, x) to denote the function of g and x 
O(q,x) = (l—2x)(1—gqax)(1—q?a)...(1—q"2)... to 00. 
For |¢g| < 1, this product is absolutely convergent for all values of x. 


The S-functions of 1/®(q¢,7) may be obtained from Theorem I by 
making N tend to oo. 


THEOREM VIII. For the series 1/®(q, x) 
9 1 _ A—Az —r+s 
{r, geoecs r,} = geivr~ LT ( q ) 


Tl +p—) 
where [r|! = (l—q)(1—-q”)...(1—q’). 


* Frobenius, Sitzungsb. Preussischen Akad. Wiss. (Berlin) (1900), 516. 
3695.6 re) 
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The series f(x) = 1/(l—a)(1—qz)...(1—q*—1~) of Theorem I may 
be expressed fle) = (9, qXx)/®(q, x). 
Hence Theorem I may be expressed as follows. 
If z= q@ for some positive integral value of N, then for the series 
fla) = (g, 2x)/©(q, x) Spi, 
(Ay s+ Ay} a ioe aT r) (12) 
where (R<) is the product of the first X; terms from each i-th row of the 
set 


1—z, 1—qz, 1 —q’z, 1—q°*z.,... 
g—2z, q—@, q—q"2,... 
g—z, q*—4z, q’—q*z,... (13) 


For this series we have 
S, = (I-g/(1—¢") = (I—2")/(1—¢"). 
We now drop the restriction that z = q’, taking 
f(x) = O(q, zx)/D(q, x) 
with z an independent variable. 
The equation S, = (1—2")/(1—¢’) 
still holds. Since the S-functions are expressible as polynomials in 
the S,,, equation (12), which holds for z = q* for all positive integral 
values of V, must be an identity and hold without this restriction. 
A more symmetric form is obtained by replacing x by wx, which 
has the effect of multiplying each S-function {A} of weight n by w”, 
and replacing z by w-!z. We obtain 
THEOREM IX. For the series O(q, zx)/D(q, wx) 
oo A,—A,-r+8 y 
Wee | tee iam: OY 
TI [A,+2—7]}! 


where (R\*) is the product of the first X; terms from each i-th row of the 
set 


w—zZ, w—qz, w—qrz, w—qr°z,... 
qu—z, qu—qz, qu—qz, qu—qz,... 


g?w—z, gu—q, gw—Qqz, q’w—q*z,... 
' (14) 


This is a more general result than Theorem I. By obtaining the 
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~ values of h, we can express ®(q, zx)/®(q, wx) in the form* 


(w—z) 4 (w—z)(w—gz) 9 1 
(1—q) (1—q)(1—q*) 
(w—z)(w—qz)(w—q*z) , , 
*d—ga—@)d—@) 
Some special cases are of interest. For w = 1, z = —1, 
(1+-%)(1+qx)(1+-q?z)...to o0 
(1—2x)(1—qa)(1—q?x)...to oo 
Qe Al+g)a®  _ 2(1+4+9)(1+¢2)25 
= ]+ —_——_ + FY Tees 
I—q* (—@l—@) * G—o—el—#) * 
iia _ Bee 
and {A, (ere, 


terms from each i-th row of the set 


O(q, zx)/O(q, wx) = 1+- 








times the product of the first A; 


2. i+-q, 1+-¢’, 1+4q’.... 
q+1, 2q, qI+¢, q+q’.... 
+l, @t+q 4, G+9’.... 


Again, for the series 
(1—gqx)(1—q®x)(1—q*x)... 
(l—2x)(1—q?x)(1—q'z)... 

i—g_, (i-—@l-—#). .,, (-!_-f-#) , 

+ ett (gaat geet 

writing [r]!! = (1—g?)(1—q?)...(1—q*"), 

a TI (1 —g?’-2A,-2r+28) 
TT [A.+p—+]!! 
first A; terms from each i-th row of the set 
1—q, 1—q’, 1—q’, 1—q’.... 
rs. fe C2 CF 
fq ££ £-F, f-7s- (16) 


O(q7, gx)/O(q?, x) = 








times the product of the 


These results have interpretations in the Theory of Partitions and 
elsewheret which are beyond the scope of this paper. For example, 


from the formula nifA} = Th, XS, 


* Cf. Bailey Generalized Hypergeometric Series (Cambridge 1935), 66 (4). 

+ D. E. Littlewood, ‘On induced and compound matrices’, to be published 
in Proc. London Math. Soc. A. Young, Phil. Trans. Royal Soc. A, 133 (1935), 
79-114. 
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we get 
TI (1—g*-s-# 3) Re — Il (w" —2")% 
TI [A;+p—?]! (4°) 1%q,! 2%a,!... (1—2")4 ’ 
where p denotes the class (1%2%...). 
Special cases of this formula for {A} = n and {A} = {1”} are used 
by MacMahon.* 
We also note that amongst the series > {A}g", where {A} denotes 
a self-conjugate partition of n, there are some of special interest, e.g. 


2K /2x = F(4, 4; 1; q?), > ag”, 


and 
> gq” (1—q)( 1 —gq’)?(1—q?)?...( 1 —q")"( l —q" +1)n 1 (1 —q"-1), 

6. The expressions for the S-functions of 1/[(1—x)(1—2”)"] found 
in § 3 suggest a modification of a result obtained in our previous 
paper for the S-functions of f(x”). We here consider the S-functions 
of (1—{x)-1f(x"). In the first place let 

f(x) = [A —Ga)(1—ag 2?)(1—af 2?)...(1—a2 2) ]-1. 


For this series we obtain for the general S-function, putting 


N a 2r+ a Nag aN-t 
Paseney A,} = |(— a.) +N—t} = |( oy )N-# 
cA +N-t {X —t 


Operate on both determinants by taking half the sum of the i-th 
and the (r+72)th rows to replace the i-th row, and half the difference 
to replace the (r+-7)th row, for 1 <i <r. The effect is to pick out 
the even and the odd indices respectively in the first and the second 
set of r rows. The last row is unaltered. 

Three cases arise. Amongst the N = 2r+1 terms A;+N—zi there 
may be (i) r+ 1 even and r odd terms, (ii) 7 even and r+-1 odd terms, 
or (iii) the difference between the numbers of odd and even terms 
may be greater than 1. 

In case (iii) the Laplace development of the first determinant in 
terms of the first 7 rows gives immediately 


oe 
° ° tA} 7 0. 
In case (i) we obtain 
A,+N-4\" ” N-t|! ” 
att | : x ; 
f ey | | yArtN—t| 2 |e N-t 
{Ay,..0.Ag} oe phtn-a| xs ~ | EN < 


* MacMahon, Combinatory Analysis (ii), Chapter V. 
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a single or a double accent against a determinant denoting respectively 
that even indices only or odd indices only are taken. 
Denote S-functions of ' 


[((l—afa)(l—oga)...J- and [(1—fx)(1—ajx)(1—a§z)...]> 
by {A; «?} and {A; a?, 2} respectively. Then, if the even terms A,+N—r 
in decreasing order are 

Qui+2r, Be t2r—2, ..., pas, 
and the odd terms 

2y,+2r—1, 2Wv_+2r—3, ..., 2,41, 
we obtain {A} = On, 
where @ is +1 or —1 according as 
2uy+2r, 2v,+2r—1, 2y.+2r—2, 

is an even or odd permutation of 

A,+N-1, A+N—2, 

In case (ii) the powers of € go with the determinant with odd 
indices. If the odd terms A,4+N—r are 
Qu, +2r+1, 2ot2r—1, ..., 2yup434+1, 

and the even indices 


2y,+2r—2, 2.4+2r—4, ..., 2y,, 


then as before 

f — | * v2 

{A} | Pr+12 ® § 
where @ is +1 or —1 according as 
2v,-44 2r—2, 2u,+2r+1, 2v.+ 2r—4, 2pto+ 2 P 
is an even or an odd permutation of 

| Ty F 9° 
A+N-—1, A+t+N-—2, ..., A. 

In the calculation we may take the smallest value of r such that 
the number of parts in the partition (A) does not exceed 2r+-1. 
Larger values of r merely add zero parts to the partitions (ju) and (v). 
The generalization to the S-functions of any series follows the proof 
for other properties of S-functions. 


TurorEM X. Let the S-functions respectively of (1—{x)-*f(x*), 
(1—Lx)“f(a), and f(x) be denoted by {r;(2)f}, {A;(1)Z}, and {A;(1)}, 
and let (A,,...,Agp 41) be any partition for which r,,, #0. If the difference 
between the numbers of odd and even terms in 


(i) Ay+2p, A+2p—1, ..., Apis 
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exceeds 1, then Nona13 (2)G} = 0. 
Otherwise, if the series (i) contains p+1 even and p odd terms, let 
these be 
(ii) 2u,+2p, 2%,+2p—1, Zyt+2p—2, ..., BWytl, Byss, 
where Pa She So Shp And yy Dv—gD>... Dy. 
If there are p even and p+-1 odd terms in (i), let them be 

(iii) 2», + 2p— 2,2, + 2p+1, 2+ 2p—4, Buy +2p—l...., Wy, By +3, 
2p tl. 
In either case 

Asp sr (2)0} = Oe Myaas SHY: 

where 0 is +1 or —1 according as (ii) or (iii) is an even or odd permu- 
tation of (i). 

A similar result for (1—{x)-1f(2"), proved in the same way, is as 
follows: 
THEOREM XI. Let {A;(r)f}, {A;(1)f}, and {A;(1)} denote S-functions 
respectively of (1—a)-1f(x"), (1—Cax) f(x), and f(x), and let (Aj,..., Ary +1) 
be a partition such that r 0. If the sequence 


rp—r+2 7 
(i) Atrp, Atrp—1, ..., Apa 
is such that the number of terms congruent to i, to modulus r, is less than 


p for any i, then 0 
Otherwise let j be the number such that there are p+-1 terms in (i) con- 
gruent to j, and let the terms in (i) be arranged as follows 

(ii) rpy_yatr(p—1L)+r—1, ryy2.t+r(p—2)+r—I1, .... THp-rptr—L 


rp,» +r(p—1)+r—2, 


rja+TP 3; : Hope Tp ptt), 


Thor tr(p—1), Poo t(p—2), sess THo.p> 


and 


for which 


Then 


where 6 = +1 or —1 according as (ii) is an even or an odd permuta- 
tion of (i). 








THE PROPORTIONALITY OF ENERGY AND 
FREQUENCY FOR A PHOTON IN 
GENERAL RELATIVITY 


By J. L. SYNGE (Toronto) 
[Received 11 March 1935] 


1. THE purpose of this note is to establish by mechanical and kine- 
matical arguments the following result: when a photon is emitted by 
one atom and absorbed by another in a gravitational field, the ratio 

energy /frequency (1.1) 
is the same for emission and absorption. 

This result is contained in a paper by Kermack, M’Crea, and 
Whittaker,* but there are certain points in their paper which appear 
capable of an improved treatment. In the first place the energy of 
the photon is not in their paper mechanically identified with the 
changes in proper energy of the emitting and absorbing atoms. 
This is done in (5.7), (5.8) of the present paper. Secondly, their 
argument demands an interpretation of the photon in terms of 
waves, whereas, if the atoms are to be treated as points, it is necessary 
that the photon should be pictured as something capable of being 
emitted and absorbed by points. In the present paper the history of 
the photon in space-time is regarded as a narrow two-dimensional 
ribbon joining the world-lines of the emitting and absorbing atoms. 
By regarding frequency rather than wave-length as fundamental a 
greater simplicity is introduced. 

Quantum theory accepts a universally constant value h for the 
ratio (1.1). Since one does not wish to multiply hypotheses, the fact 
that classical theory predicts a constant value for this ratio is of 
considerable interest. The proof which follows does not of course 
establish the universal constancy of (1.1), but only its constancy for 


a single photon. 


2. We assume that the world-line of a photon is a null-geodesic, a 
hypothesis which has been generally accepted and is confirmed by 


* W. O. Kermack, W. H. M’Crea, E. T. Whittaker, Proc. Royal Soc. Edin- 
burgh, 53 (1932), 31-47, in particular 44. This paper will be referred to as 
K.M.W. 
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electromagnetic considerations.* This means that the world-line of 
a photon satisfies 
5 dx' dx dx! 
sonia hidgueeed "Se a I35- = 
du du du du 
where the operator 5/5u is defined by 
5X' dX {i | de 


dus du‘ *\j ik) du’ 


The parameter wu is not arbitrary, but is one of a set of special para- 


= 0, (2.1) 


>; 


meters such that any two special parameters (uw, wu’) are related by 

u’ = au-+b, (2.3) 
where a and b are constants. We shall suppose that wu increases as we 
pass towards the future along the null-geodesic. 


3. We assume that a material particle has a momentum-energy 
vector m,A‘, where my is its proper mass and X' the unit tangent vector 
to its world-line. It is usual to define the intrinsic or proper energy 
of a particle as m,c*, ¢ being the velocity of light in the absence of 
gravity. This is quite legitimate in the special theory of relativity, 
in which we consider only Lorentz transformations. For the Lorentz 
transformation supposes that all observers use the same units of 
space and time, and hence, for them, c is a universal constant. But 
in the general theory a quantity is only to be regarded as invariant 
when it is so with respect to a general transformation of the space- 
time coordinates. For such transformations there is no universal 
invariant c. Hence it is more appropriate in the general theory to 
regard the proper energy of a particle and its proper mass as one and 
the same thing. Thus the proper energy of a particle is mp, to be 
measured in units of mass (grammes). 


4. We assume that a photon has a momentum-energy vector M', 
tangent to its world-line, pointing into the future, and propagated 


parallelly along the world-line.t Thus in analytical form 
M* = 6dzx'/du, 
sM'/du = 0, 


* M. von Laue, Relativitdtstheorie, 2 (Braunschweig, 1921), 151. 

+ This is also assumed in K.M.W. 43. A statistical theory of an assembly 
of particles and photons whose momentum-energy vectors satisfy this hypo- 
thesis leads automatically (without the use of field equations) to the usual 
conservation equations of general relativity D,7” = 0: cf. J. L. Synge, 
Trans. Royal Soc. Canada, (3) 28 (1934), 161. 
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§ being a positive invariant. Differentiating (4.1) with respect to u, 
and using (2.1), (4.2), we see that @ is a constant. We may, if we so 
wish, make @ = 1 for any photon by a new choice of parameter 
according to (2.3); this would define a unique parameter along the 
world-line of a photon. We shall not do this, however. 
5. Since for a photon 
M, Mi = 0, (5.1) 
a photon is to be regarded as of zero proper mass or proper energy. 
For, taking the fundamental form 
Gi; Ix'da! (5.2) 
to have the signature +-+-+ —, we have for the time-like world- 
line of a particle 
A;Ai = —1, (m,A;)(m, A‘) = —m}, (5.3) 
and the statement made above is justified by comparison of this 
last equation with (5.1). To see how the energy of a photon is to be 
defined invariantly, we consider the absorption of a photon by an 
atom, assuming the conservation of momentum-energy vectors. 
Thus, if an atom specified by m,,A‘ absorbs a photon specified by 
M’‘, and an atom specified by mg, A’‘ results, we have 
moA’* = my rA+ M. (5.4) 
Since A” is, by definition, a unit vector, we have, by (5.1), (5.3), 
—m,? = —m+2m,M,; dr‘, (5.5) 
so that (mo?—m)/(2m_) = —Y;r'. (5.6) 
If (mj—mg)/m, is small, this gives approximately, for the increase in 
proper mass or proper energy of the atom, 
| Mo—mM, = —M;X'. (5.7) 
This suggests the definition: the energy of a photon with momentum- 
energy vector M* relative to a particle whose world-line has a unit 


tangent vector X* is E=—M.Xx (5.8) 
ies : 


,= 


The equation (5.7) is merely a source of suggestion, and the fact that 
it is not exactly satisfied causes no embarrassment. The exact law 
of conservation is the vector equation (5.4). We are not to expect 
an exact additive law between invariants, any more than we are to 
expect that the magnitude of a resultant vector should be the sum 
of the magnitudes of its components. Since, however, the approxi- 
mate equation (5.7), although not used in the subsequent work, has 
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in physical cases a high degree of validity, it may be well to state it as 
follows, as a justification for the exact definition (5.8): 
increment in proper energy of atom = energy of absorbed photon 
relative to the world-line of the atom before collision. 
6. We have now to consider the frequency of a photon. Let 
A, B, in the figure be the portion of the world-line of an atom during 


X 





the emission of a photon. The radiation is conceived as travelling 
along a set of geodesic null-lines starting from the points of A, Bo, 
each null-line corresponding to a phase of the vibration. The totality 
of these null-lines constitute the photon, which is therefore, from a 
geometrical point of view, a narrow two-dimensional ribbon of 
geodesic null-lines. The lines drawn in the figure may be regarded 
as lines of some definite phase, say zero phase. 

Let n be the total number of lines of zero phase emitted, that is, 
the total number of vibrations in the photon. This is a numerical 
invariant of the photon. The frequency of emission vy is naturally 
defined as the number of vibrations emitted per unit proper time of 
the emitting atom, that is 

Vp = n/d8p, (6.1) 
where ds, = A, By. 

We shall suppose that the photon is absorbed by another atom, 
and that AB is the portion of its world-line during absorption. The 
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frequency of absorption v is naturally defined as the number of vibra- 
tions absorbed per unit proper time of the absorbing atom, that is 

v = n/ds, (6.2) 
where ds = AB. Comparing (6.1) and (6.2), we have 
vpds, = vds, (6.3) 
a familiar relation from which the spectral shift in a gravitational 
field may be deduced.* 


7. Along each of the null-lines of the ribbon A, B,AB let us 
assign a special parameter wu (in the sense of § 2), these parameters 
taking a single terminal value on A, By and a single terminal value 
on AB. This can obviously be done by virtue of the transformation 
(2.3). Let v be a parameter constant along each of the null-lines. The 
2-space of the ribbon has equations of the form 

at = x'(u, v), (7.1) 
the partial differential equation 
Ox" ' Ga! 


ij = 0 
ou eu 


being satisfied. 


Let M‘ be the momentum-energy vector of the photon. 
a Ant yi at Apt 
= (i) = Sa ae 8 @a 


+h; ——. 
du ev "Su ov 


The first term on the right vanishes by (4.2). Also 


cu\ * dv 


) ea! ‘ee ke. ) ex? ak 8 ex! 


du dv dudv \j kI év eu —obv eu’ 


and consequently, by (4.1) and (7.2), 


ue & — 4 eee we (ou =) = 0. 
ov 


: 9ij 3 ee 
"Su Ov Jou dv eu ou Cu 


Hence (7.3) givest 


Aue) (ud) (ui), 
wy ov} 4, ov) 4 


* The above derivation of (6.3) appears simpler for present purposes than 
those usually given, in which there is involved a comparison atom at A 
emitting the same type of spectral line as that emitted by Ay: ef. von Laue, 
loc. cit., 188; K. Lanezos, Zeits. f. Physik, 17 (1923), 170; A. 8. Eddington, 
Mathematical Theory of Relativity (Cambridge, 1924), 91; R. C. Tolman, Relat- 
ivity, Thermodynamics and Cosmology (Oxford, 1934), 212. 

+ The above is a slight analytical improv ement on the proof given by J. L. 
Synge and A. J. McConnell, Phil. Mag. 5 (1928), 250, The generalization of 


(7.6) 
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Let dv be the increment in v in passing across the ribbon, and let 
iA’ be the unit tangent vectors to the world-lines of the atoms at 
Ay, A respectively. Then 


(=) dv = Xids,, (=) dv = X'ds. ( 
“ ov A 


ov 


~I 
~I 
~ 


Multiplying the second of (7.6) by dv, we have therefore* 

(M;) 4,A>d89 = (M,;) 4A‘ ds, (7.8) 
or by (5.8), if Hy is the energy of the photon relative to the emitting 
atom and £ its energy relative to the absorbing atom, 

E,ds, = Eds. 
Dividing this equation by (6.3) we have 
Ey/vo = E/v, 
which establishes the result stated in § 1. 


this result given in K.M.W. 33 is immediate. For, if we write (7.6) in the form 


M; 5a‘ = constant, it is obvious that, if we add to dz‘ any infinitesimal vector 
co-directional with M', we do not change the value of the expression, because 
M'M,; = 0. 


* This equation is equivalent to K.M.W., equation (7.1). 
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CN THE NORMAL NUMBER OF PRIME FACTORS 
OF p—1 AND SOME RELATED PROBLEMS 
CONCERNING EULER’S ¢-FUNCTION 


By PAUL ERDOS (Manchester) 
[Received 13 November 1934] 


THIS paper is concerned with some problems considered by Hardy 
and Ramanujan, Titchmarsh, and Pillai. Suppose we are given a set 
M of positive integers m. Let N(n) denote the number of m in the 
interval (0,n). By saying that the normal number of prime factors 
of a number m is B(n), we mean that, as n > 0o, there are only 
o{ V(n)] of the m (< n) for which the number of prime factors does 
not lie between (1--¢«)B(n) for arbitrarily small positive e. 

We use throughout the following notation: N(M,n) denotes the 
number of integers not exceeding n in the set M; d(n) is the number 
of divisors of n; p = logn, v = loglogn; p, p,, pj,... are prime 
numbers, and ©, ©,,... denote positive constants independent of 
nm, mM. 

In the first part, I prove that, if M is the set p—1, and so 
N(n) ~ n/p, then B(n) = v. I use the method of Brun and also that 
employed by Hardy and Ramanujan* in their proof that, when M is 
the set of all natural numbers, B(n) = v. I then apply my result to 
a problem of Titchmarsht who showed that, if 

S = > d(p—}), 


pn 
(i) S< Cn, by Brun’s method; 
n 
VE 
(iii) S = C,n+o(n) by assuming the Riemann hypothesis. 


(ii) S = a 


by analytical methods; 


As my result means that, for almost all p not exceeding n, i.e. 
except for o(n/logn) of the p, p—1 has more than (1—e)v prime 


* Hardy-Ramanujan, Quart. J. of Math. 48 (1917), 76-92. See also S. Rama- 
nujan, Collected Papers, 262-75. Recently P. Turan gave a very simple proof 
of this theorem, but the application of his method seems to be impossible here. 
J. of London Math. Soc. 9 (1934), 274-76. 

+ E. C. Titchmarsh, Rend. del Circ. Mat. di Palermo, 54 (1930), 414-19. 











206 PAUL ERDOS 
factors, it is obvious that 
S > ” oa-ev, 
2p 


since N(p,n) > $n/u. This result is better than (ii) and is obtained 





in a more elementary way. 

In the second part I deal with Euler’s function ¢(n). I consider 
first the number N(M,n) where the set M denotes now the integers 
which can be expressed as the ¢ of another integer. 8S. 8. Pillai* 
found that 


, C, 
N(M,n) < all 
ee 
I deduce from the first part that 
n . 





N(M,n) <= 
a 


for every positive « and every n exceeding some n(e). I can prove by 
Brun’s method that 


N(M,n) > C,“logv. 
B 


In the third part I examine how often an integer m can be repre- 
sented as the ¢ of another integer. S. 8. Pillai showed that integers 
m exist with at least .C,(log m)"°* representations. I replace this 
number by m by using Brun’s method. 


1. We shall presently evaluate N(M,n) for a certain set M. It will 
suffice to deal only with the m satisfying the following two conditions: 

(i) the greatest prime factor of m is greater than 120; 

(ii) the greatest prime factor occurs to the first power only. 
For we have 

Lemma 1. T'he number of m (and in fact of all positive integers not 
exceeding n) which do not satisfy both the conditions (i), (ii) 1s o(np-*). 

We divide the integers not exceeding n which do not satisfy (i) into 
two classes N,, NV, in number, putting in the first those which have 
at most 10y different prime factors. As the {y/(log 2)}th power of 
any prime less than n¥29 is greater than n, we have 


10v 10v y 
) l Lad 1/20v| = yt] ] a = nn ; 
ois ( +e)" J ‘ ( log 2 "\e 


* T have seen this in an American periodical that I cannot now trace. 
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The integers m of the second class have more than 10yv different 
prime factors; and so d(m) > 2%. But 
n 


> dl) = O(np) 


and so = N, = 0(3hs) = = o( 7} 


Be 1 
— g(3—10log2)y __ 
p10v ef o(1). 


Hence N,+N, = of“). 


In dealing with the integers not satisfying (ii) we may, from the 
first part, suppose that their greatest prime factor exceeds n¥/20), 
Hence these integers are divisible by a square exceeding n/@) and 
so their number is less than 


n n n 
Y Ep Of saa) ts o( 7). 
ni! (Lor) 


This proves the lemma. 

We now require the following result which is an immediate con- 
sequence of Brun’s* method. 

If a is a given integer and ¢,,(a) denotes N(p,n) where (p—1)/a is 
a prime, then 


sn <0 16-9 -/ (2 


p<nla pla pla 
p>2 p>2 


Pied: ai tes 


P| la, 
p>2 


r 


nv* 
< G———— 
Sa(log n/a)?’ 


° S 
since Il] (1- =) > (loglog a? 


PIe, 


follows easily from anda s result ¢(a) > C,,a/(logloga). 
Denote the positive integers containing exactly k different prime 


* V. Brun, Vidensk. selsk. skrifter, Mat.-Naturw. Kl. (Kristiania), 3 (1920), 
and Comptes rendus, 168 (1919), 544-6. See also Bull. Soc. Math. (2) 43 (1914), 
1-9. 











208 PAUL ERDOS 
factors by a”, aS®,... and put f,,(k) = N(p,n) where p is such that 
p—. equals one of the a\”. We prove that 


ni —1(20v) 
f,A(k) < > $,(a\*-Y)+0 —§ . (2) 
; aft) 1 he 


For let us write down the f,,(k) primes p not exceeding n for which 

‘p—-l=a = gp g?...g, 
where the q’s are primes and q, < q.... < q,. By Lemma 1 we need 
only consider the cases given by q, > n@), a, = 1. Consider also 
the primes p’ such that 

p’—1 = qa», 

where q is a prime and a{*-) < m!—/@), The inequality (2) will be 
proved, if every p occurs among the p’, and this is obviously the 
case, since, for given p, we may choose 

lee a, 1 - —1/(20v 

alk) — g& g%,.. ge} < ni-ew), 

since g, > n/@%), Thus (2) is established. 


From (1), (2), we have 





ni 1/(20v) m 
f,(k) < C,, > mv? [at (log 5) +0(] 
<= a; pe 
af 1) 4 
A 1 
C2 ea +o("5) (3) 
be a a pe 
io) k 1 
n l 9 ‘ - 
Now 1 ea) cet ow 
alts MY (k—1)! 7” ——i 
C,.n(v+C,,)** n 4 
so Silk) < —* = — +0], (5) 
(k—1)! pe? pe 
or say fall) = By+o*) : 
pe 


Applying the method used by Hardy and Ramanujan to prove 
that almost all integers have v different prime factors, we now prove 
our theorem that v is also the normal number of prime factors of 
p—1l. We have to show that 


pee n 
fa Salk) = (ra) 


k<v(1—e 
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It suffices to deal with the case k < v(1—e), since the sum for 
k: > v(1+e) follows in a similar way. Now 


_ Cyyn(v+Cy3)* D v+Gi3)*+ 
B, 1 13 13 
> pe 3 (k—1)! 





4 
nv 
C; 
- Cvs ; ev +s 
LX 


4 
< Guten 
pe 
Clearly B, < B, < ... < Big_o,; for v > v(e). Also 
Bis-10) _ (v4 Cg) tHe 
Bya-o1 (lh —4e) ]—1}{fU—4e) ]—2}...[pP—e)] 
=~ (v-+C,,)#" 
v(1—4e){v(1—4e)— 1}. 4v(l—e)+ -1} 
1 { v+Cjs a 
(y+ C3) \v(1—4e) 
1 








> ——__ (1+ }e)#”, > v5? for sufficiently small 8. 
(v+- C4) 
Hence 
M9, Byaien — ~ Be — sn n 
2, By, < vBya-e < ~ pd % 2 pov! < pits O 145 


Also S o(") = o( 3) 
Thus f,lk) <5 (B +0(%s} =: os ) 
; revt-e*" . p23 k 2 | a 1+]? 


k=1 
the required result. 

By similar but perhaps a little more complicated arguments, we 
can show that the same result holds when multiple factors are 
counted multiply, ic. when a prime power g* dividing p—1 is 
reckoned as « factors instead of 1. 

2. We prove the 

THEeorEM. N(M,n) = o(nu‘-) for all positive «, where the set M 
are the integers which can be expressed in the form ¢4(x). 

The proof depends upon the result, due to Hardy and Ramanujan, 
n(loglog n+-C,,)*—4 (6) 

(k—1)! log n 





N(m,,n) < Cyg 


3695.6 P 
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where m, denotes the integers having k different prime factors. Since 


v 


, ‘ 
> iis a 

clearly d(x) >n if a >C,gnv. Hence it will suffice to prove that 
there are only o(npu‘-!) different values in the set (1), 4(2),..., 
d([C, nv]}). 

Consider first the integers not exceeding C,,nv which have less 
than v/k different prime factors where & is for the moment arbitrary. 
On replacing n, k in (6) by C,gnv, v/k respectively, and noting that 
k! > (k/e)*, we prove easily that their number is o(nu!~*) for every 
« if k > k(e), say, independent of n, and so they need not be dealt 
with any further. 

We have still to consider the integers which have more than v/k 
different prime factors. Denote now by p, q respectively the primes 
such that p—1 has respectively less than and not less than 40k+1 
different prime factors. From (5), we deduce that, for sufficiently 


large n, 





N(p,n) 


2 


2 Cr. ee + (" - =. 


Hence > p-! converges, since 





p 
— N(p,n)—N(p,n—1) — an 1 ] 
oe = = N a —-— 
I. >, Yea) 
Pp r= n= 


2 (1 
re 2. obi) 


n 


We now divide the integers having more than v/k different prime 
factors into two classes M,, M,, putting in the first those divisible by 
at least $v/k of the p and in the second class the remainder, say the 
b’s, which of course are divisible by at least 4v/k of the g. The 
integers m, are divisible by an integer a (say) composed of exactly 
[4v/k] of the p. Hence 


N(m,,Cgnv) < Ognv > 1/a 
a 
1 \ (vik) 
Cw > — 
aa pm 


xj21.p 


[Pv/ky. 





— 
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- ee ae 
[av/k]! \w/’ 


where > 1/p% converges to A, say. 
a;21,p 


We now deal with the b’s. Clearly 4(b) has more than (4$v/k)40k, i.e. 
20v prime factors, p* now reckoning as « factors. The integers having 
more than 20v prime factors are now divided into two sets of 
which the first includes the integers whose square-free part has 
more than 10v prime factors. Each of these integers has more than 
210” divisors and so, since 

x 
> dn) ~ xlogz, 
n=1 
their number is less than 


Cignvlogny _ o(*). 


910v 
: be 


The second set includes the integers whose square-free part has not 
more than 10v prime factors, and so their quadratic part has at least 
10v prime factors. An integer, however, whose quadratic part is s is 
divisible by a square exceeding s', as is easily seen by putting 
8 = py@p,™... (a; > 1). Hence the number of the integers of the 


second set is less than 


1 
Cis nv Re —= Osa 
ke > Qs a 
since 21/3 > y?, 
Hence there are only o(n/u) different values for ¢(b) and so the 


theorem is proved. 


3. We require three lemmas. 

Lemma 2. N(m,n) = o(n*) for every positive «, if m is a number 
whose greatest prime factor is less than pw. 

Every integer can be expressed in one and only one way as a pro- 
duct of an rth power (r > 1), and an integer not divisible by any 
rth power. Denote by m, an integer free from rth-power divisors, 
whose greatest prime factor is less than ». Then 

N(m,,n) < revel”, 
since the number of primes less than p is less than C,,u/v. Hence 


N(m,n) < n'trCw wiv, 
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But r is arbitrary and can be taken so large that 
N(m,n) = o(n*). 
Let p be any fixed number such that 0 < p< 1. Then from the 
prime-number theorem 


7 A ~~ Y 4 
. N(p, p+?) > Cy pit? /v. 
We now prove 


Lemma 3. The number of square-free integers not exceeding n com- 
posed of [C.,p1+?/v|+1 arbitrarily given primes not exceeding p*?, 
where Cy, < Cy, 18 Q(n?) (0 << a < dp). 

For consider the square-free integers composed of the given primes 
and having [/(1+-p)v| factors. These are all less than n, since 


(ui +P)H/a tpv — 


and their number is the binomial coefficient 


Coy prt? L 
- 


lator 
(1+p)v 


k 
- n\ _ [n , er 
Since (;) > (7) , this coefficient is greater than 


{Coa pP(1-+p)}MO+™1 > Coli yea 
> CH/a+erlnie — O(n?) (0< oa < hp). 
Lemma 4. We can find a positive p so small that there are more than 


Cy p+? /v primes p not exceeding p+? such that p—1 is composed of 
primes all less than p. 


If p—1 has a prime factor q not less than p, then 
p—1= ag, a< pe. 


By (1) the number of values of p not exceeding p!+? and satisfying 
this equation for given a is less than 


: ] 1+p\2 9 
yo ultP | | wii oo meets 
“on? | (} >) ole a lf (} ;) 
pia pla 

pHF2 


< Cy pte IT] (1--) av I] (1-2). 


pla pla 
pF2 
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The sum in a 
TI(-9 
p 


pla 
pF2 


dy I] fe J] “lI (-;) 


= | pla 
a=2 pla p¥2 


F s 
since I] {1+-0(-) converges. 


"a = J 315 
Since* 3 $(a) = 5a logx+o(log2), 


the sum ina@isless than C,,py'+?/v, 


a=1 


where C,, is independent of p. This proves the lemma since the 
number of primes not exceeding p!+? is greater than Cy)pu1+?v-! and 


1+p Cy... witP 
(Cop— Cre p) — > a 


for sufficiently small p. 

We now proceed to our main theorem. We consider the square-free 
integers not exceeding » composed of the primes in Lemma 4. By 
Lemma 3 there are Q(n’) of them. Clearly the ¢ of all these integers 
is divisible only by primes less than p. By Lemma 2 these ¢ have 
only o(n*) different values. Hence, if we choose « less than $0, we 
have an integer m not exceeding n which can be represented Q(n?-*) 
[> Q(nt?)] times as the ¢ of another integer. Since n >m, the 
number of these representations is greater than ms where C; > 3o, 
as was stated in the introduction. 


* E. Landau, Géttinger Nackr. (1900), 177-86. 











ON ASSOCIATED HYPERGEOMETRIC SERIES 
By E. G. C. POOLE (Ozford) 
[Received 12 December 1934] 


1. AN easy method of proving Gauss’s relations between contiguous 
hypergeometric series is to express each of the six series contiguous 
to F = F(a, b;c; x) in terms of F and its derivative and eliminate 
the latter. To pass from F to F,, F(a+1, 6; c; x), we must 
multiply the coefficient of x” by (a+-n) and remove the factor a; this 
is readily effected by the operator (5+-a), where 6 = aD = ad/dz. 
Thus we have three of the six required formulae 


aF,, = (6+a)F, (1) 
bF,,. = (3+6)F, (2) 
(c—1)F_ = (6+c—1)F. (3) 


Again, let us write the equation satisfied by F,_ in the form 


[8(8-+-c—1)—a(6+a—1)(8+b)|F,_ = 0, 
which may be rearranged thus 
[(8+-c—a)—a(8+b)|(6+a—1)F,_ = (c—a)(a—1)F, 


oo 


Now we use (1 n with (a—1) written for a, and get 


( 
~a)F,. = [(8-+e—a)—x(8+0)|F 
i.e. —a)F__ = (l—2) F+(c—a—ba)F, (4) 
and —b)F,_ = (l—x)b F+-(ec—b—aaz)F. (5) 


Finally, we Mt the equation 


[5(5-+-c)—a(5+-a)(5+5) |F. 


~~ 


i.e. [8—a(s+a+b—c)|(d+c)F,, = (c—a)(c—b)aF,,, 
which gives, by means of (3), 
(c—a)(c—b)F,,. = e[(1—x) DF +(c—a—b)F]. (6) 


Our six formulae may be arranged as follows 


«DF = a(F,,—F), (1’) 
«DF = b(F,,—F), (2’) 
«DF = (c—1)(F,_—F), (3’) 
x(1—a2)DF = (c—a)F,_+(a—c+ba)F, (4’) 
x(l—x)DF = (c—b)F,_+(b—c+az)F, (5’) 
c(l—x)DF = (c—a)(c—b)F,,+c(a+b—c)F. (6’) 
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By equating two values of DF we get Gauss’s fifteen relations 
between contiguous series. 

2. According to a theorem of Gauss (generalized by Riemann) 
any three associated series of the type F(a+/, b+-m; c+-n; x), where 
1, m, n are integers, are connected by a linear homogeneous relation 
with polynomial coefficients. In particular, any such series can be 
expressed linearly in terms of F(a,b;c;x) and 

DF = (ab/c) F(a+1,6+1;¢+1;2) 
with rational coefficients. By repeated application of the operations 
(1)-(6) we obtain analogues of Jacobi’s celebrated formula* 
D[act"-1(1—a)t+o-e+" F(a-+-n, b-+-n;c-+n;x)] 
= ¢, x°-1(1—x)*F(a,b;c;2), (7) 
where c,, = c(e+1)...(c+n—1). 
Thus we have from (1), if k is a positive integer, 
a,, F(a+k,b;e;x) = (+a)(6+a+1)...(8+a+k—1)F(a, b;c; 2x) 
= g!-*D*(2%+*-1 F(a,b;c;2)]; (8) 
and similarly from (3) 
(c—k), F(a, b;c—k; x) = 21--+* D¥[a°-1 F(a, b; c; x)]. (9) 
Again, we may write (4) as 
(c—a)ac-4+1( 1 —a)4+o-e-1 F(a— 1, b; cc; 2) 
= a D[x°-(1—ax)**>--F(a,b;c;2)]; (10) 
hence we have 
(c—a),,a¢-4+(] —y)4+>-c-k F(a—k, b;c; x) 
= (2*D)*[ae-4(1—2)*+>-¢ F(a, b;c;x)]. (11) 
Sut (a2D)* = (x8) 
= ak(§+k—1)(8+hk—2)...8 
= #6(5—1)...(8—k+1)ak-1 
= gk Dkyk-1, 
and so we find that 
(c—a),, F(a—k, b; c; x) 
== yt-etl(] —z)e—2 Oe Dh e—4+k-1(] — 72 +0-c F(a, b; c; x) ]. 


In the same way, we can show that (6) will give 
(c—a),(c—b),, F(a, b;c+k; x) 
= ¢,(1—a)-*->+4D (1 2)" F(a, b 6; 2)]. 


* C. G. J. Jacobi, Werke, vi, 191-3. 
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Thus F(a+l,b+-m;c-+n;2x) can be derived from F(a,b;c;x) by at 
most three operations of the type [x*%(1—x)8D*a*(1—a)P']. When 
the result is written as a linear function of F(a,b;c;) and its deri- 
vatives, we can eliminate all derivatives above the first by means of 
the differential equation of the hypergeometric series. This method 
offers an alternative to Gauss’s construction of the relations by means 
of a chain of contiguous functions. 

Postscript. Mr. Chaundy kindly draws my attention to the 
following analogues of Jacobi’s formula, which may be constructed 
by applying (1) and (6) or (3) and (4): 

a, (c—b),(x—1)*4 F (a-+-n, b;c+-n; x) = c, D"[(a—1)**"-1 F(a, b; c; x)], 
(c—n),, 2°-"-1(1—ax)?-¢+" 1 F(a—n, b; e—n; 2) 
= D"{a°-\(1—x)-*+} F(a, b; c; x). 




















THE DECOMPOSITION OF ENUMERABLE, 
PRIMARY, ABELIAN GROUPS INTO 
DIRECT SUMMANDS 


By REINHOLD BAER (Manchester) 
[Received 12 January 1935] 


Tue aim of the following note is to prove that an enumerable, 
primary, abelian group is irreducible, if and only if it is either cyclic 
or of the type p”, and further that exactly the direct sums of these 
irreducible groups have the property that any two decompositions 
into direct summands have isomorphic sub-decompositions. 

The proofs of these theorems are essentially based on the solution 
of the structure-problem for the enumerable, primary, abelian groups, 
given recently by H. Ulm and L. Zippin.t 


1. For every element a of the additively written primary abelian 
group A lett 

p”™® be the order of a, and 

h(a) = h,(a) (the eaponent of a in A) be the greatest integer x such 

that p*y = a has a solution y in A; or h(a) 0, if p*y =a has 
for every x a solution y in A. 

Let A® be the set of all the elements a in A with h,(a) = oc. Then 
A® is a characteristic sub-group of A. Finally, for any finite or 
enumerable ordinal 7, the sub-group A‘ of A may be defined by com- 
plete (transfinite) induction as follows: 

A°— A; Ait! = (At); 
if k is a limit-number, then 
A* = 4 A‘, 


i<k 
i.e. A* is the intersection of all the A‘ with 7 < k. 
From the assumption that 
A is at most enumerable, 
we find 
(1) there exist enumerable ordinais i such that A‘ = A‘, 
+ Cf. H. Ulm, Math. Ann. 107 (1933), 774-802, quoted in this paper as U. 


L. Zippin, Ann. of Math. 36 (1935), 86-99. 
t Cf. H. Pruefer, Math. Zeits. 17 (1923), 35-61, quoted in this paper as P. 
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Therefore there exists a smallest ordinal t = t(A) < Qf such that 
At = £r, 
The theorem of Ulm{ asserts that the invariants 
(A), AA {0 <i <HA)}, A! 
form a complete set of invariants of A; we may re-enunciate this 
as the 

UNIQUENESS-THEOREM. The two (at most) enumerable, primary, 
abelian groups A and B are (simply) isomorphic, if and only if§ 

((A)=¢B) Atl/AHNA BIBHO<i<t), Al= B. 

2. If t (< Q) is an ordinal, and A; (0 <7 < #) is an (at most) 
enumerable, primary, abelian group belonging to the given prime- 
number p, there arises the question of the conditions to be fulfilled 
by t, A;, in order that they should be the invariants of a group A. 
The answer is the following 

EXISTENCE-THEOREM. There exists an (at most) enumerable, pri- 
mary, abelian group A such that 

(i) «(A) = #, 

(ii) AA WA, (0 <i <d), 

(iii) At ~ A), 
if and only if 

(iv) A, is a direct sum of groups of type p®”;\| 

(v) A; 40 (0 <i <1?) and is a direct sum of cyclic groups; 

(vi) A; (0<i+1 <1?) contains, for any integer n, elements with 

nm < n(a). FT 

3. Lemma. Suppose that the growps A; (0 <7 < t) satisfy the con- 
ditions (iv), (v), (vi) of the Existence-Theorem and that A, is the direct 
sum of the groups A,,. Let t,, be the smallest ordinal such that A; = 0 
for t, <i<t, ort, =t, of no t, less than t exists. Then a group A 
such that 

(A) =1, AYAH LA, (0<i<d, AINA, 

+ As usual Q is the smallest non-enumerable ordinal. 


t Cf. U., 803, Satz 12, or 778, end of § 1. 


§ We use the notation A ~ B for ‘A and B are isomorphic’. 
A group is said to be a group of type p®, if there exists an infinity of 
generators Gp, @j,..-5 such that 0 = pap, dy = pay,..., Aj = PAj,,,.... Cf. P. 
+t Cf. Zippin, loc. cit. Zippin’s proof of the Existence-Theorem was pub- 
lished after I had submitted my paper to the editors of the Quarterly Journal. 
I have therefore suppressed my own proof cf the Existence-Theorem. 
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is a direct sum of groups A,, such that 
(A,) =t,, Aj/Ay*~ Ay (O<i<&), AE~ Ag, 
if and only if, for every k, the groups Aj, with 0 <i < t, satisfy the 
conditions (v), (vi) of the Existence-Theorem. 

Proof. If A is the direct sum of the groups A,, then A‘ is the 
direct sum of the groups Aj, as follows by complete (transfinite) 
induction from the fact that an element has an infinite exponent in 
a direct summand, if and only if it has an infinite exponent in the 
whole group. The necessity of the conditions is now a consequence 
of the Existence-Theorem. 

Since A, satisfies the condition (iv) of the Existence-Theorem, the 
groups A,, satisfy this condition too. If the two other conditions are 
satisfied, then from the Existence-Theorem there exist groups A, 
such that 

t(A;,) _ bk, Aj,/ Aj; = Aix (0 < t< ty.) At oe 

If A is the direct sum of these groups A,, then (as above) A? is 
the direct sum of the groups Aj and therefore #(A) = t, A‘/A*#4 ~ A; 
(0 <i<t), A‘~A, since A, is the direct sum of the groups A,,. 
From the Uniqueness-Theorem therefore the groups A and A are 
isomorphic and this proves the Lemma. 


4. The group A is said to be irreducible, if, from A = B+C, it 
follows that either B = 0 or C = 0. 

[RREDUCIBILITY-THEOREM. A is a direct sum of irreducible groups, 
if and only if (A) < 1. 

Proof. Since cyclic groups and groups of type p® are irreducible, 
and since, for t(a) < 1, we have 

A ~ A/A!+A! 

from conditions (iv), (v) of the Existence-Theorem, our condition is 
sufficient. 

Assume ¢(A) > 1 and A = } A;. Then we have, as in the proof 

i 


of the Lemma, Ai =} Ai 
: 


and therefore 
Ai/Att w > (AAI) (0 <1 < 8), At = > At. 
r r 


So there exists a summand A, such that ¢(A,) > 1. We may assume 
(A,) >1. 
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Since ¢(A,) > 1 from the conditions of the Existence-Theorem, 
there are groups A;; (j = 1,2) such that A,; ~ 0 for 
0<i+1 < «(A,) 
and Ai/Ait! ~ Ay +A, At = Ayn+Ap, 
and such that the conditions of the lemma are satisfied. From the 
lemma therefore 
A,=Ay+Ay, Ai,/Aif1~ A, (O<t<t,), AS=A, 
with ¢(A,;) = t;. Therefore 
t;+1 >#(A,) >1, 
ie. Ay; #0. Hence A, is not irreducible, and so our condition is 


necessary too. 


5. From the Irreducibility-Theorem and from P., § 17, p. 57, we 
have the 
CoROLLARY. An (at most) enumerable, primary, abelian group is 
irreducible, if and only if it is either cyclic or of the type p®.t 
Thus the following assertions are equivalent: 
(i) (A) <1; 
(ii) A is a direct sum of irreducible groups; 


(iii) A is a direct sum of cyclic groups and of groups of type p®. 


6. Suppose that A is an (at most) enumerable, primary, abelian 
group. Then the decomposition D* of A into direct summands is 
a sub-decomposition of the decomposition D of A into direct sum- 
mands, if every summand of D is the direct sum of certain summands 
of D*. From this definition we have: 

(2) Two decompositions D and D* of A into direct summands have 
a common sub-decomposition, if and only if A is the direct sum of all the 
intersections of any direct summand of D with every direct summand of D*. 


7. Two decompositions D and D* of A into direct summands are 
isomorphic, if there exists a proper automorphism of A mapping the 
direct summands of D upon the direct summands of D*. From this 
definition we have: , 

(3) The two decompositions D and D* of A into direct summands are 
isomorphic, if and only if there exist a (1,1) correspondence between 


{ i.e. in the notation of P., if and only if it is of ‘Rang 1’; cf. P., § 5. Cf. also 
the theorems of P., § 9 and P., § 11. 
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the direct summands of D and the direct summands of D* such that 
corresponding summands are isomorphic. 


8. SUB-DECOMPOSITION-THEOREM. Every pair of decompositions of 
A into direct summands has isomorphic sub-decompositions, if and only 
if (A) < 1, te. of and only if A is a direct sum of irreducible groups. 

Proof. Suppose firstly (A) < 1. Then every direct summand B 
of A satisfies ((B) < #(A) < 1, since the elements of the direct sum- 
mand B of A have the same exponent in B and in A. Therefore 
from the equivalence of the assertions (i) and (ii) in § 5 there exists 
for every decomposition of A into direct summands a sub-decom- 
position, consisting only of cyclic direct summands and of direct 
summands of type p®, i.e. of irreducible direct summands. Since by 
P., p. 52, any two decompositions of A into direct summands which 
are either cyclic or of type p®” are isomorphic, the condition is 
sufficient. 

Suppose, conversely, that 1 < #(A). Then A‘/A‘+ is, for i < «(A), 
a direct sum of cyclic groups with the orders p™, p™=,... and 
ss < Meg < «.- From the Existence-Theorem this sequence is not 
bounded for i+-1 < #(A). : 

From the lemma there exists a decomposition of A into two direct 
summands ‘B and C such that 

B'/ B** is a direct sum of cycles of order p”2*, 
C'/C' is a direct sum of cycles of order p”2+1, 
BP = #, CO = 0; 
and another decomposition of A into two direct summands EZ and F 
such that 
E°/E" is a direct sum of cycles of order p”.2*+1, 
F°/F* is a direct sum of cycles of order p”*, 
E'/E**! (0 < 7) is a direct sum of cycles of order p".2, 
F'/F‘+ (0 < 7) is a direct sum of cycles of order p”.2+1, 
Et = At, F* == 0. 

With regard to (2) and (3) there cannot exist isomorphic sub- 
decompositions of these two decompositions of A into direct sum- 
mands, as follows from the lemma, since there would be a direct 
summand S in such a sub-decomposition, satisfying S 4 0, S°/S! = 0, 
S1/S? ~ 0; and that is impossible. 








THE DECOMPOSITION OF ABELIAN GROUPS INTO 
DIRECT SUMMANDS 


By REINHOLD BAER (Manchester) 
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THE aim of the following note is to prove that every abelian group 
is the direct sum of all the intersections of any two direct summands 
of two given decompositions into strictly-characteristic direct sum- 
mands (the theorem of sub-decomposition). In particular, therefore, an 
abelian group has at most one decomposition into irreducible, 
strictly-characteristic direct summands. We shall prove, at the same 
time, that the strictly-characteristic decompositions of the abelian 
groups with operators (generalized abelian groups) satisfy the same 
theorem of sub-decomposition. 

The above uniqueness-theorem for the irreducible, strictly-charac- 
teristic direct decompositions of abelian groups is well known,*} if the 
group is finite or satisfies the finite-chain condition, but we do not 
make any assumption of finiteness. 

In proving that every characteristic, direct summand is strictly- 
characteristic, we show that it does not make any difference whether 
we consider decompositions into strictly-characteristic direct sum- 
mands or those into characteristic direct summands. 

It is known that for decompositions into direct summands (without 
any restriction) no sub-decomposition theorem is true;{ we therefore 
apply the methods§ of the present paper to obtain a criterion for two 
decompositions to possess isomorphic sub-decompositions. 


1. If A is an (additively written) abelian group, then (A)R is the 
set of all the automorphisms of A, i.e. of all the correspondences a, 
mapping every element x of A upon a uniquely-determined element 
(x)a of A, such that 

(xy)a = (x)a(y)a. 
By the definitions 
(x)(a+b) = (x)a+(x)b, (x)ab = {(x)a}b, 


+ Cf., for instance, H. Fitting, Math. Zeits. 39 (1934), 16-30. 
t See the paper immediately preceding this. , 
§ These methods are essentially due to Chatelet and O. Schreier. 
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(A)R becomes a ring. In this ring we define infinite sums too: the 
sub-set S of R is said to be convergent, if for every x in A there exists 
only a finite number of elements s in S with (x)s 4 0. If S is con- 
vergent, then a is the sum of §S, i.e. 
a=y)s (sinS), 

if for every x in A we have 

n 

(x)a = (x) > s, for s; in S, (xs = OforsinS (s ¥s,). 
1 


2. If B is any sub-set of (A)R, then an automorphism a is a 
B-automorphism, i.e. an automorphism of the group A with the 
set B of operators, if for every b in B we have 


ab = ba. 
Then the set (A, B)R of all the B-automorphisms is a sub-ring of R 
containing the infinite sums too. 
3. (A, B)R = B* is the direct sum of its sub-rings R,, if 
a; a, = 0 for a; in R; (« ~k), 
and if every element b in B* has a unique expression 


b = > b; for b; in R;. 


Then, for every 2, 
(a+b); = a;+b,, (ab); = a;b,. 

(1) Two decompositions of B* into direct, non-zero summands are 
identical, if and only if the ring-unit e has in both the same decom- 
position. 

This is a consequence of 


(2) If B* = > R,, e = > e; for e; in R;, then R; = e; B*e;. 


For, if b is in B*, then b = > b; for b, in R; and 


b; = eb,e = e;b;e;, 
since b;e, = 0 (i 4k), and e;be; = e;b;,e,, i.e. b; = e; be; and this 
proves (2). 
(3) If e = dS e;, then there exists a decomposition of B* into direct 
summands R, for e; in R,, if and only if e? = e;, e;ae;,, = 0 for every 
ain B* andi xk. 
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The conditions are necessary, since from (2) we have 
e;ae, = > e;a;e, = De,e;,aeje, = 0 (i Fk) 
J j 


I oes — 
and e? = e, ee, = e;. 
If the conditions are satisfied, then we consider R; = e; B*e; for 


every i. Since e;ae;e,be, = 0 (i Ak), and a = eae = > e;ae,, 
7 
and, since from > e;ae; = > e;b;e; we have e7 ae? = e7b;e7 and 
U 
therefore e;ae; = e;b;e;, hence B* is the direct sum of the R,. 


4. Suppose A is the direct sum of the sub-groups A;, and let B* 
be the set of all the B-automorphisms b, satisfying (x)b = 0 for x 
in A, (k #7). Then we prove: 

(4) (i) B¥ ts a sub-ring of B*; 

(ii) if every A; is B-characteristic and B*-characteristic, i.e. mapped 
upon itself by all the automorphisms of B and B*, then B* is the direct 
sum of the B*; 

(iii) if B* is the direct sum of the B¥, then every A; is B-characteristic 
and B*-characteristic; 

(iv) if B* is the direct sum of the B¥, and e; is the B¥-component 
of e, then A; is the set of all the x in A, satisfying (x)e; = 2; 

(v) if B* is the direct sum of sub-rings B; and e; is the B;-component 
of e, then A is the direct sum of the sub-groups A;, containing all the 
x with (x)e; = 2. 

Of these (i) is obvious. Suppose every A; is B-characteristic and 
B*-characteristic; then, for every b in B*, a B-automorphism is 
defined by (x)b; = (x)b for x in A, 

= Oforzin A, (k 4%), 
since (A,;)b < Aj, (A;)B < A;. 

Again b; is in B¥ and b is the sum of the b, and (ii) follows. 

Now suppose that B* is the direct sum of the B¥. Then every 
B* contains exactly one element e; such that e is the sum of the e,. 
From the definition of B¥ we have 

(x)e; = x for x in A,, 
= Oforzin A, (k #12), 
and this proves (iv). 

If furthermore x is in A;, and b is any automorphism of B, then 

(«)b = x,+y, with a; in A,, and y; in the sum of the A, (k #1). 
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Since e; is in B*, we have be; = e;b, and therefore 
(x)e;b = (x)b = a,+y; 
= (x)be; = (a;+y,)e; = 2%, 
i.e. y; = 0; and this proves (iii). 
To prove (v) notice, firstly, that (x)e, = 0, if x is in A; (¢ £k). 
If a is any element of A, then 
(a)je = >} (a)e;, where only a finite number of summands differ 


u 
from zero, 


== 
and, since e? = e;, the element (a)e; is in A;. If } a; = > 6; with 
i 7 
a;, 6; in A;, then 
u u , 
Hence A is the direct sum of the A,. 

5. SUB-DECOMPOSITION-THEOREM. Suppose that A is the direct sum 
of the groups A, as well as of the groups B,, and that the groups A; and 
B,, are both B-characteristic and B*-characteristic.t 

If C, is the intersection of A; and B,,, then C,, is B-characteristic 
and B*-characteristic and A is the direct sum of the C;,.. 

In order to prove the theorem denote by 

(A i> B*) 
(B;, B*) 


the set of all the B-automorphisms b satisfying 


(x)b = 0 for x in the sum of the ~Y (k A 4). 
ke 

From (4) (ii), B* is the direct sum of the (A;, B*) and the direct 
sum of the (B,,B*). Then e is the sum of certain elements a; in 
(A;, B*), and a; is the sum of certain elements b,, in (B,, B*). For 
every k the sum b, of the elements b,, is in (B;,, B*), and e is the 
sum of the b,. 

Since the (X, B*) contain, besides a, every element bac with b, c 
in B*, we have b,,,ab,, = 90, if (¢,k) # (r,s) and a is in B*, and, since 
a? — a,;, we have b}, = b,,. Hence, from (3) and (2), B* is the direct 
sum of the b,,, B*b,;, = C,,. Since (A,, B*) is the direct sum of the 

+ ie. A;, By, are characteristic sub-groups of the generalized abelian 


group A with the set B of operators. 
3695-6 Q 
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C;,, (¢ = r), and (B,, B*) of the C;, (& = s), then C;, is the inter- 
section of (A;, B*) and (B,, B*). 

If A,, is the set of all the elements x with (x)b,;, = x, then Aj, is 
the intersection of A; with B, and, from (4) (v), A is the direct sum 
of the A,,, and this proves our Theorem. 

CoROLLARY. There exists at most one decomposition of A into 
irreducible, direct summands, at once B*-characteristic and B-character- 
astic. 

6. If B is a sub-ring of R, then the sub-group C of A is said to be 
B-invariant, if it is mapped upon itself by every automorphism b 
of B, such that b~ exists and is in B. 

THEOREM. Suppose B is a direct summand of A, B a sub-ring of 
R containing e and an automorphism b with 

(x)b = x for x in B, 
= 0 for x in C with A = B+C.F 
Then B is B-characteristic, if and only if B is B-invariant. 

We have only to show that the condition is sufficient. Suppose 
that B is not B-characteristic; then there exists an automorphism 
w in B and an element a in B, such that (a)w is not in B. Then 
we consider the automorphism 

v = e+bw(e—b) 
obviously contained in B. Since b? = b, we have 
{e-+bw(e—b)}{e—bw(e—b)} 
- e+bw(e—b)—bw(e—b)—bw(e—b)bw(e—b) 
- e—bw(b—b?)w(e—b) = e, 
i.e. v-! = e—bw(e—b) is in B too. Since 
(a)v = (a){e+bw/(e—b)} 
= (a)e+(a)bwe—(a)bwb = a+(a)w—(a)wb 
and (a)w = b-+-c with b in B, c (+ 0) in C, we have 
(a)v = a+b+c—(b+c)b = a+b+c—b = a-+e, 
and since a is in B and c (+ 0) in C, the element (a)v is not in B, 
i.e. B is not B-invariant. 
+ By (6) and (12) it is sufficient to assume that B is a sub-group of A and 


that the ring-unit e and an idempotent b, satisfying (7)b = x if and only if 
x is in B, are contained in the sub-ring B of R. 
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CoROLLARY. The decompositions of the abelian group A into R- 

invariant, direct summands are exactly the same as the decompositions 
of A into strictly-characteristic direct summands. 


7. A is said to be characteristic-irreducible, if, whenever 
A = B+C, where B and C are characteristic sub-groups, we have 
either B = 0 and C = A, or B= A and C = 0. Since from a? = 
we have (e—a)? = e—2a+a? = e—a, so from the connexion, proved 
above, between characteristic decompositions of A and the decom- 
positions of e we have 

(5) A is characteristic-irreducible, if and only if 0 and e are the only 
elements a in R, satisfying 

a? = 0, ax = xa for every x in R. 
For from these conditions we find 
ax(e—a) = ax—axa = a*x—axa = axa—axa = 0, 


and conversely, considering 0 = (e—a)xa too. 


8. Now consider any decomposition D of A into direct summands 
A;. Then (x)e; = x, if x is in A;, and 
= 0,ifwisin A, (k 4%), 
defines an automorphism e; of A for every i. To denote its 
dependence on the decomposition D we write 
e; = e,(D). 

Obviously the set of the automorphisms e; is a complete orthogonal 
set, if we define a set as orthogonal, when it is convergent and its 
elements satisfy 

ab=0 (a +b), se=—a (a = Bi. 
An orthogonal set is complete, if the sum of its elements is e. 

If D is the smallest sub-ring of R which contains all the sub-rings 
e; Re; = R,(D) and which also contains the sums of its convergent 
sub-sets, then D is the direct sum of the R;(D), since e; ae; e;,. be, = 0 
(i 4k), and, since from } e;a;e; = > e;b;e; we havet 

i i 


@;, Ay, @; — e. > e; a; e; = e;. > e;b; e; — e,. b,. e;.. 
t v 
+ Note that a belongs to D if and only if ae; = eja for every e;. Hence 


if E is the set of all the elements e;, then, in the notation of §§ 2, 3, 
D = (A, E)R,.= E*. 
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9. If, conversely, E is a complete orthogonal set, then, for every 
element e; of E, the set A; = A,(E) of all the elements x of A with 
(x)e; = x is a sub-group of A, and A is the direct sum of the sub- 
groups A,, since 
(i) for every x in A there exists only a finite number of e; in E 
with (x)e; ~ 0 and therefore 


x = (xe = (x) > e; = Dd (z)e;, 


L 


and (ii) from } 2; = > y; with x;,y; in A; we have 
i 


(x,)e;, = {(z,)e,}e, = (z,)e;e, = 90 (« #k), 
and therefore 
uy, = (> w; )@ =(> Yi)ex = Yk: 
Obviously, . 
(6) If D is a decomposition of A into direct summands, E a complete 
orthogonal set, then D is induced by E, if and only if E is induced by D. 


10. (7) If D, (i = 1, 2) is a decomposition of A into direct sum- 
mands A,,, and if B,, is the intersection of A,, with A,,, then A is the 
direct sum of the B,,, if and only if the components of e in D, (i.e. the 
elements e,(D;) as defined in § 8) are contained in the intersection of 
D, and Dg. 

Proof. Suppose firstly that A is the direct sum of the B,,. To this 
decomposition D,, of A corresponds a complete orthogonal set E,, 
consisting of elements e,,, belonging to B,,. Then 

e,(D,) => e, and e,(D,)= > e,,. 

8 ad 

Therefore 
e(D,)e,(Dz) = > &: 2 C;.5 = Cs = e,(D,)e,(D,), 

ane e,(D,)e,s e,(D,) = e,(D,)e,(D, )e,(D,)e,(D,) 

= e,(D,)e,(D,)e,(D,) 

— eC, e,( D,) -. e,(D,)e,(D, )e,(D,) 

< e,(D,)e,(D;) je €,,3- 
Similarly, e,(D,)e,,€,(Dz) = Cys: * 
Hence R,,(D,,) is contained in R,(D,) and in R,(D,), i.e. Dy, is con- 
tained in D, and in D,. 

Since e,(D,) and e,(D,) are in D,,, they are in the intersection of 
D, and D,. This proves that our condition is necessary. 
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este: now, conversely, that a ) is, for every r, in D,. Then 
"2 e,(D,)a,. &,( “2 b,, with b,, in R,(D,). 


rs “8 
Hence e,(D,) = e,(D,? = > b?,, 
s 


i.e. b?, = b,,, since D, is the direct sum of the R,(D,). Furthermore, 
we have 


0= e,(D,) e,(D =2 b;, 2 b,, = zz b;,b;, (2 # k); 


and, since b,,.b,, is in R,(D,), we have 

b;,,b,, = 90 (« ~hk). 
Since b,,b,, = 0 (k #8), since b,, is in R,(D,), so the b,, form a 
complete obi set and therefore determine a decomposition of 
A into direct summands C;,. Since 


= 2 b,, oe e,( D,)( 2 a,,)e,(D») 


the direct sum C;, of all the C,,. with k = s, containing all the ele- 
ments x with (x)c, = 2x, is contained in the direct summand A,, of A, 
containing all the elements x with (x)e,(D,) = x. Since this is true 


for every s, and since A is the direct sum of the C, as well as of the 
A,,, we have C, = A,,. Therefore C;, is the intersection of A,; and 


Ag,,, since Ay = > Cw Ay =G =F CG 
k t 


Thus we have proved (7) and 

CoroLuary 1. Jt is sufficient to assume in (7) that the elements 
e,,(D,) are contained in Dg. . 

The decomposition S of A into direct summands is a sub-decom- 
position of the decomposition D of A into direct summands, if every 
summand of D is the direct sum of certain summands of S. 

CoroLLtaRy 2. There exists a common sub-decomposition of the 
decompositions D and D* of A into direct summands, if and only if 
the elements e;(D) are contained in D*, i.e. in the direct sum of the 
sub-rings e,(D*)Re,(D*). 

If D and D* have a common sub-decomposition S, then A is the 
direct sum of the. direct sums C,, of all the direct summands of S 
contained both in the direct summand D,; of D and in the direct 
summand D* of D*. Since C,, is the intersection of D, and Df, there 
exists a common sub-decomposition of D and D*, if and only if the 
intersections of the summands of D and D* form a common sub- 
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decomposition of D and D*. The Corollary is now a consequence 
of (7) and of Corollary 1. 

11. Suppose that the elements a; form a complete orthogonal set 
A and that the elements b, form another complete orthogonal set B. 
Then we consider the elements 

C;, = a;b,,a;. 
From C;;,C,, = a;b;,a;a,b,a, we have 
Cc; k Ce 4 


— a;b,.a;b,a; 
We shall prove 


(8) There exist elements U,,, such that a; = > b,,U;,b;,, if and only 
if a;b,.a; — b,.a; b,.. ” 
Proof. Suppose firstly that the elements u,, exist. Then 
b,.a;b,. — b,.u,;.b,. 
a;b;,a; = ( > b;u;;b,)b,( > b, u;,b,) 
J P r 


9 eA 
— b,, u,b; U,;. b;,. =i b,.a;b3.a;b, — b,.a;b,., 
since a; = a? = > (b;,.u,;.b,.)”, and therefore (b,.u,;.b,.)” => b,.u,,.b,.. 
E 
If, conversely, a;b,a; = b,a;b,, then from the formulae, derived 
above, we find 


and 


C;;,C;, = b,a;b;,,b, a;, 
and this vanishes for k 4 s. When k = s, then 
Cin Ci, = D, a,b, a; = a,b, a; = Cj, 


i.e. the C;, form a complete orthogonal set. Finally, we have 


a; = aj = a;ea; = a; > bya > a;b, a; = 2 Cix 


> > b,,.a;b,, — > b,c, b;.. 
k k 


Thus we have proved (8) and 
(8’) If the condition of (8) is satisfied, then the elements C,;, form 
a complete orthogonal set and 


= & Cu = > By Cindi. b,. > Cin = > Aj Cy, Bj. 
a a t t 


From (7) and (8) we have the 
SUB-DECOMPOSITION CRITERION. Suppose that D, (i = 1,2) ts a 
decomposition of A into direct summands A ;,, that B,, is the intersection 
of A,, with A,, and that aj; is the automorphism of A with 
(x)ay, = 2 for xin A;,, 


= 0 forxin A (n Ak). 


in 
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Then A is the direct sum of the B,, (i.e. D, and D, have a common 
sub-decomposition), if and only if 
yj Ag, Ayy = Any Ay; Ady. 

12. If a is an auto-isomorphism of A (such that a-! exists) and 

b is any automorphism, then we have 
(x)ba = {(x)a}a~ba, 
so that a induces in R the automorphism b > a~'ba. 

Therefore, if D is a decomposition of A into direct summands A,, 
and E the corresponding complete orthogonal set, then A is also the 
direct sum of the sub-groups (A;)a, provided a is an auto-isomorph- 
ism; and to this decomposition (D)a of A corresponds the complete 
orthogonal set a-1Ea. So we have proved 

(9) Let D, (¢ = 1,2) be a decomposition of A into direct summands 
A, and let e;,, form the corresponding complete orthogonal set as defined 
in § 8. Then there exists an auto-isomorphism a, such that D, and D,a 
have a common sub-decomposition, if and only if 

e,,a—e,, ae,, = a-te,, ae, ale, a. (9’) 

Put V,, = 2€,,a—'e,, a, w,, = a-“e,, 20,, a". 

Then from (9’) we have 

| Vrs €ir = ©25V ©), Ws = Wrs ©as- (9") 
Since the set E; of the e;, is a complete orthogonal set, we find from 
the definitions of the elements v,, and w,, 


z Vrs = €,,4, > Vrs = ae,,; 
r s 


> w,, = ¢,a-, 2 w,, = a-e,,, 
s 


and therefore Sv, = 28, > W,, = a. ; (10) 
rs rs 


So we have proved 

(11) Lf the automorphisms e;;, form a complete orthogonal set E;, there 
exists an auto-isomorphism a, satisfying (9'), if and only if there exist 
solutions V,., W,, of (9), such that 


( ) the v,, and the w,., form a convergent set, 
i)2 Vrs > Wis — e, 
=> Vinn €1, x Wo & 2s 2 Vinn> 


mn 


W,; = 2 Winn © 2 Ving ir > Winn: 


mn mn 
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13. (12) Every orthogonal set is contained in a complete orthogonal 


set. 

For, if the elements of the given orthogonal set have the sum s, 
then s? = $ and (e—s)? = e—2s+s = e—s, and, for every element 
a of the given orthogonal set, 

(e—s)a = a—sa = a—a? = 0. 
Therefore the set consisting of e—s and of the elements of the given 


orthogonal set is a complete orthogonal set. 


The group A is direct-irreducible, if in every decomposition of A 
into direct summands one of the summands is 0. 

Since every automorphism a satisfying a* = a, i.e. every idem- 
potent, forms an orthogonal set, we have from (6) and (12) 

CRITERION OF [IRREDUCIBILITY. A is direct-irreducible, of and only 


if 0 and e are the only IDEMPOTENTS of A. 














SOME EXPANSIONS IN BESSEL FUNCTIONS 
INVOLVING APPELL’S FUNCTION F, 


By W. N. BAILEY (Manchester) 
[Received 8 May 1935] 
1. BaTEMAN’s well-known expansion* expresses 
32J,,(z cos 6 cos®)J,(z sin ¢ sin) 
as a Neumann series, the coefficients involving products of ordinary 


hypergeometric series. Some further expansions in Neumann series 
were given by Fox, one of which is 
D(r+3)P(r+v+}) 
(3) (r+v+1) 
I(r+2v+4 

( +2v+ 5) ( ). (1.1) 


oy+ z 
rT (r+2v+1)° tt 





XxX 


Fox’s results are evidently not included in Bateman’s expansion. 
In a recent paper published in this Journal, Ricet gave an expan- 
sion of a different type, namely 


= 1—zy > ST Tey dele) (1-2) 


r=0 


where 
I(u+v+1) 
sees ha F[—2r,u+v+1;p—r+1;2], 
 Tetrtiro—rpay ee . 
and, more wi 


zcos ¢cos®)J,(z sind sin®) 
ae 


— —_“____""__ cos" cos¥® sin’¢d sin’® x 
P(ue+)Drw+l) " ia 
(2) Ff +v+1; —r, —r;u+1,v+1; cos*¢, sin*®], 
(1.3) 
where F, is Appell’s hypergeometric function of two variables of the 


second type. 
In this paper I give some further expansions of similar form. 


* Watson (7), § 11.6. + Fox (5), §5 
Rice (6), § III. In (1.3) Rice omits r! in the denominator on the right. 
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2. In the following paragraphs we shall need some formulae which 
express certain particular cases of Appell’s function F, in terms of 
simpler functions. 
Appell has shown* that 
Fi —n, B;y,y'; (1—2a)?, x], 
where v is a positive integer, satisfies the same differential equation 
as F[—2n, 28; 2y’—1;2], provided that y+y’ = —n+ f+. It easily 
follows that,+ when this condition is satisfied, 
FJ —n, B; y, y’; (1—2a)?, 27] = (Y—B)n F[—2n, 2B; 2y’—1;2]. (2.1) 
(Yn 
From further results given by Appell it is easily shown that 
FJ —n, B; y, y; (1—2)?, 27] 
- (Y—P)n —n,B,y—4; 4x(1—2)] (2.2) 
(yn * "L1—n+B—y, 2y—1 3 
FJ —n, B; 4, y’; (l—x)?, 2] 
ces 9 9 aa . 
_ Bon op, . 2n, 28,y’—4; 4 ; (2.3) 
@, **[2y—-1,—n+B+4 
The last two formulae can be proved fairly easily without using 
differential equations. Thus, to prove (2.2), we have§ 


F[—n, Bs y,y;(1—2), 2°] 


_(- m)i(B)e (4 —a)*F[—t, 1—y—t; y; a?/(1—2)?] 














t=0 (ye 

= > Cn pt, y—4; 2-1; 4e(1—2)] 
t=0 (Yh 

- es ( n)(B), (—t)(y—3 D6 4ee(1 xy} 
t=0 r=0 tl(y) r!(2y—1), | 


> ( —] "(~My e(B)e el Y at b), { 4ar( 1 —x)}" 
ris. (Y)r+s(2y— 1), 


* Appell and Kampé de Feériet (1), 394. 

+ Although (2.1) is merely an identity connecting two polynomials, I have 
not succeeded in proving it without the use of differential equations. 

t Appell and Kampé de Feériet (1), 394, 395. 

§ For the transformation used in this analysis see, for example, Appell and 


Kampé de Fériet (1), 7. 
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- -> Tore laa 2 f4e(1—2)y Fl —n-+r, B+r;y+r] 


__ Fh J —n, B, y—4; ead 
- af 
(yn ~ L1—n+B—y, 2y—1 


on using Vandermonde’s theorem. 





Another formula we shall need is* 
x y 
P| «8:88: — 7 — qt | 
[PPP ayy’ — ayy) 
= (1—2)"(1—y)*F[a,1+a—B;B;ay], (2.4) 
and here the function on the right can be expressed in terms of 
Legendre functions. 


3. We now prove two formulae which are fundamental in this 
paper, namely 
ath” : +2n)P («+ 
; a («+2n)D(x- n) 
P(u+1)P(v+1) _ n! 


n ) 


(4z)-#"J,,(az)J,(bz) = 


< J, +9 


Kren 


(z)F,[ —n, «+n; p+1,v+1;a?,b?], (3.1) 
avb?T"(«+-1) 


Pet Dre+h * 
)F,[ —n, «+-1;u+1,v+1;a?,b?]. (3.2) 


To prove (3.1)+ we expand the Bessel functions in powers of z and 
use the Neumann expansion{ of z*. We thus find that 


= 7 (—1) Sqetirpy+ 28(42)x+2r+26 
1~\xK—pu—v o) — ae et 
(32) J,(a 2)J,(bz) > > AaTe itr+1)P(v+s+1) 


r=0 s=0 





(—1)"+ar+*"h Be 
2 r!s! P(utr+1)l(v+s+1) fe 


r=0 s=0 m=0 


(«+ 2r+ 28+ 2m)T'(«+2r+2s+m) 
m! J-+27-+28+2m(2) 





* Bailey (3), § 4. 
+ (3.1) can also be proved by a slight modification of Watson’s argument. 
See Watson (7), § 11.6. t Watson (7), § 5.2 
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vane ee) 
~ Twt+bDro+h > S > —Iicsan(2) X 
“d w+ =0 r=0 s=0 
(—2),+.(«+-2),45 a2"h?s, 
tal (u+1),7+1), 
on putting m = n—r—-s, and this proves the result. 


Similarly, by using the formula* 


x 


- it (42)™ 
dey = (+1 Jz 
(dey = Tr = otm() 
we find that 
— r p+2rhy +28 1, K+2r+2s 
(4z)* ev J (az)J, > >§ 1) . Sa ) (3 ) 
f !s! D(u+r+1)C(v+s+1) 


oo @ - itiaaatllleae 
. z a2 Tie eae iy 


m! 
LbYT (ne a a 
ath’ T(« pa >& an(2) (—),4¢«+1),4. arb, 
D(u+1)0(v ~ ‘ r!s!(u+1).(v+1), 
on putting m = n—r—s, and this proves (3.2). 


4. When « = »+v-+1 in (3.1), the function F, can be expressed 
as a product of two ordinary hypergeometric series,t and we obtain 
Bateman’s expansion. , 
By using the formulae of § 2 we can find further particular cases 


of (3.1) in which the coefficients simplify. Thus, if « = »+v+4, 


a = 1—b = cos*¢, we can use (2.1), and we find that 
(3z)'J,,(z cos*d).J,(z sin*d) 


__ cos*#d sin?’ — (—1)"(p+tv+ 2n+4)(v+-4), (ue tv+nt}B) 
—_ I(v+1) > n! I\(u+n+1) 


\Z 

0 
+) FF 9n, 9,,1+-9yp+I9n+]: P11: sin2 

XJ iv+2nsy(2) F[— 2m, 2¢+ 2v+-2n+1; 2v+-1;sin’g]. (4.1) 

* Watson (7), 141 (7). + Ibid, § 11.6. 

t (4.1) has been bith to me for some little time. An equivalent result 
has, however, just been published by Bateman and Rice (4). They obtain 
the result by means of differential equations, and prove it by using contour 
integrals of Pochhammer’s type. 
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When ¢ = }r the hypergeometric series on the right can be 
summed* when » = +v, and we obtain two of Fox’s results. 

For v = — p and general values of ¢, the hypergeometric series on 
the right of (4.1) can be expressed in terms of Legendre functions, 
and we have 

(32)#J,,(z cos*d) J a (zsin?¢) 
—— ) (—1)"(2n+3)P(n+3)0'(3—p+n) . 
D'(3) n! D(u+n+1) 
X Jon 44(z)PH(cos 2). (4.2) 
Similarly, when v = p, (4.1) becomest 
(32), (2 o08tp Nl sin’¢) 
eens aly (—1)"(2p+2n+3)P(2u+n +d)PUtn+4) 


n! D(u+n-+1) 
X Joy +2n+4(2) Pot on (COS 2¢). (4.3) 
The formulae (4.2) and (4.3) generalize Fox’s results already 


referred to. 
By combining (2.2) with (3.1) we find that 


(32)*-*#J,,(z cos") J,,(z sin*¢) 





_ sin? Ron Hd (—1)"(«+ 2n)P(«-+n)(x—p),, 
~— P@+)) >! n! T(u-+n-+1) Jivanl) x 


ee 
x 3 fF . , (44 
Mima. (4.4) 


and from (2.3) and (3.1) we obtain 
(4z)*-” cos(z cos*¢).J,(z sin*) 


= ro = («+2n)0" ae \n 
+1) +3 Ji.2n(2) 


7. 2x+2n,v+4; sin*d 
x off g . (4.5 
5. The formula (3.2) similarly simplifies in some particular cases. 
Thus we can use (2.4) provided that x = » = v, and we find that 


FP ' 


I{az\I,{bz) = > PSM AY" Fe) Prta(eoth A), (6.1) 
n=0 7 


where 2abcosh A = 1—a?—6*. 

* See, for example, Bailey (2), § 2.4. + Fox (5), (5.1) and (5.2). 

t The transformation used here is given, for example, by Appell and Kampé 
de Fériet (1), 3 equation (6”). 








238 SOME EXPANSIONS IN BESSEL FUNCTIONS 

By combining (2.2) with (3.2) and (2.3) with (3.2) we obtain the 
following expansions 

(3z)*-*" J, (z cos*d).J,(z sin*¢) 
4 (v—k), 


T(v+n+1)~ 


cos?’ sin?’ P(«+1) S ( 
- I'(v+1) = 
,[ —n,«+1,v+4; sin?2¢ 
x ght Gy » 5 
oat l+ne—v—n, 2v+1 oe 

(42)*-” cos(z cos*d)J,(z sin*d) 

sin?’ M'(«+1) ») (42) 
a | 


C(v+1) i 


n 
e 
0 


‘3*2 3 


2n, 2x+2,v+-4; sin*d 
2v+ l,«+ 5—n 


| (5.3) 

In the particular case when x = p+, the series F, in (3.2) can be 
expressed in terms of the function F,,* and we obtain Rice’s formula, 
(1.3) above. 

Again, if «x =v, the function F, can be expressed in terms of 
Appell’s function F,,f and we obtain the formula 

J,,(zsin ¢ cos®)J,(z sin ® cos ¢) 


i 


sind cos’¢ sin’® cos#O > (4z)H+ 
= - = J 


q Yy4 »(z)cos?"h cos2"®@ x 
Muth) 
. n=0 


< P| —n;p—v, —p—n; +1; —tan*¢, tan’dtan’®]. (5.4) 


* Bailey (2), 102 ex. 20 (i). + Bailey (3). 
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A SHORT PROOF OF THE DOUBLE-SIX 
PROPERTY 


By A. E. JOLLIFFE (London) 
[Received 15th March 1935] 


Ir five skew lines 1, 2, 3, 4, 5, no four of which lie on the same quadric, 
have a common tractor 6’, then 2, 3, 4, 5, have a second common 
tractor 1’; 1, 3, 4, 5 have a second common tractor 2’; 1, 2, 4, 5 have 
a second common tractor 3’; 1, 2, 3, 5 have a second common tractor 
4’; 1, 2, 3, 4 have a second common tractor 5’. Then 1’, 2’, 3’, 4’, 
which have the common tractor 5, have a second common tractor 6. 
The double-six property is that 6 is also a tractor of 5’. 

A cubic surface can be drawn to contain 1, 2, 3, 4, 5, 6’. Each of 
the other lines meets this surface in more than three points and so 
lies entirely on it. Hence, if a plane meets the twelve lines in the 
twelve points P,, P,,..., Py, Pj, P,..., Pg, these twelve points lie on 


a plane cubic. 

Now P,, P,, P;, Pj, P;, Pg lie on a conic, the section by the plane of 
the quadric determined by 1, 2, 3, each of which meets 4’, 5’, 6’. Also 
P}, P3, P3, Py, Ps, Pe lie on a conic, the section by the plane of the 


quadric determined by 4, 5, 6, each of which meets 1’, 2’, 3’. Hence 
the twelve points are the complete intersections of a cubic and a 
quartic, so that every quartic through eleven of them passes through 
the twelfth. Now Pj, P;, P;, P,, P,, P; lie on a conic, the section by 
the plane of the quadric determined by 3, 4, 5, each of which meets 
1’, 2’,6’. Hence P,, P,, P;, Pj, Py, P; lieona conic. This is the section 
by the plane of the quadric determined by 3’, 4’, 5’, each of which 
meets 1 and 2. Hence P, lies on this quadric. Since 6 passes through 
P, and also intersects 3’ and 4’, it must be a generator of this quadric 


and consequently intersects 5’. 


The above completes the proof of the double-six property, but it 
is possible to extend the argument to determine the remaining 
fifteen lines of the twenty-seven lines that are known to lie on a 
cubic surface. 

Since the six points P,, P3, P;, P,, P;, P; lie on a conic and the six 
points Pj, P,, P;, P,, P;, P¢ also lie on a conic, the straight lines P, P; 
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and P;P, meet at a point P,, on the plane cubic. The plane con- 
taining 1 and 2’ meets the cubic surface in a third generator as also 
does the plane through 1’ and 2. Each of these generators passes 
through B,. Since A, is a point in an arbitrary plane these genera- 
tors must be identical. Call the generator 12. We thus obtain fifteen 
generators of the type rs (r, s = 1, 2,...,6; 7 48). These generators are 
all distinct. For 12 is obviously not the same as 13; and if 12 and 34 
were identical, then 1, 2, 3, 4, 1’, 2’, 3’, 4’ would have a common 
tractor, and the only common tractors of 1’, 2’, 3’, 4’ are 5 and 6, 
neither of which meets either 1, 2, 3, or 4. 








